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Abstract
The main goal of this thesis is to explore the idea of gravity as the square of a gauge theory
at the level of Lagrangian symmetries. By regarding gravity as the convolution of left and right
Yang-Mills theories together with a spectator scalar field in the bi-adjoint representation, we derive in
linearised approximation the gravitational symmetries of general covariance, p-form gauge invariance,
local Lorentz invariance and local supersymmetry from the flat space Yang-Mills symmetries of local
gauge invariance and global super-Poincare. As an example, we will we focus on the new-minimal
(12 + 12) off-shell version of simple four-dimensional supergravity obtained by tensoring the off-shell
Yang-Mills multiplets (4 + 4,NL = 1) and (3 + 0,NR = 0).
By tensoring all possible pairs of on-shell super Yang-Mills multiplets in dimensions 3 ≤ D ≤ 10 to
get on-shell supergravity multiplets, possibly with additional matter multiplets. By associating a (direct
sum of) division algebra(s) D with each dimension 3 ≤ D ≤ 10 we obtain a formula for the supergravity
U-duality G and its maximal compact subgroup H in terms of the internal global symmetry algebras
of each super Yang-Mills theory. We then extend our analysis to include supergravities coupled to
an arbitrary number of matter multiplets by allowing for non-supersymmetric multiplets in the tensor
product.
We also introduce the idea of writing the SYM multiplets themselves as a double copy. We construct
the states and symmetries of N = 4 super-Yang-Mills by tensoring two N = 1 chiral multiplets and
introducing two extra SUSY generators. This allows us to write the maximalN = 8 supergravity as four
copies of the chiral multiplet. We extend this to higher dimensions and discuss possible applications.
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1 Introduction
1.1 Squaring background
The idea of gravity as the square of a gauge theory has a long history and it spans a diverse range of
subfields of physics. It appears in string theory, where it relates amplitudes of closed strings to those of
open strings. These are the famous KLT relations, first described in [9]. They state that:
V c(z, z¯) = V oL(z)V
o
R(z¯) (1.1)
where V c/o are vertex operators for closed and open strings L,R identify ”left” and ”right” gauge theories.
These relations are a consequence of open/closed string duality and they have an intuitive geometric
description in terms of Riemann surfaces with punctures. We then integrate to get the amplitudes and
we find that the closed string amplitudes will be proportional to sums over products of the open string
ones. In the low energy limit, this will have important consequences for supergravity, which arises as the
limit of the closed string sector, and gauge theories - the limit of the open string sector.
At the level of the field content, it has long been known [10–12] that both maximal ten dimensional
supergravity theories can be built by tensoring ten dimensional SYM theories: tensoring two SYM mul-
tiplets of opposite chirality gives Type IIA supergravity and two multiplets of the same chirality gives
Type IIB. Here by tensoring we just mean tensor products of representations of the little group in ten
dimensions, SO(8). The gauge field transforms in the vector representation 8v, while the spinors can
be either 8c or 8s. The graviton, transforming in the 35 of SO(8) will arise from the tensor product of
two vectors, together with a two-form and a scalar. Then, we can either tensor multiplets with different
fermion representations and get Type IIA supergravity (which has two different gravitini, transforming
in the 56s and 56c, respectively), or we can tensor multiplets with the same fermion representation to
get Type IIB (where both gravitini transform in the 56s).
Other instances where we encounter structures arising from squaring are in asymmetric orbifold con-
structions [13] and in expressing gravity anomalies in terms of gauge anomalies [14]. However, the
place where this has proved most useful is in the context of scattering amplitudes for supergravity theo-
ries [15–48]. As a simple example, note that:
MMHV3 = (AMHV3 )2 (1.2)
where MMHV3 is the 3-point MHV graviton scattering amplitude and AMHV3 is the 3-point MHV gluon
scattering amplitude.1. For higher-point amplitudes and beyond MHV level, the relation becomes in-
creasingly complicated: it will be a sum of products of SYM amplitudes with various prefactors - see, for
example, [35]. There have been attempts to rewrite the Lagrangians in order to make this more man-
ifest [36–38, 49]. Computing gravity amplitudes directly is vastly more difficult than computing gauge
theory amplitudes so these relations have proven very useful in calculations. However, they seem to lose
1The MHV amplitude is the one where all but 2 of the helicities are positive, and vice-versa for MHV.
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their efficiency at higher points and going to loop levels. Luckily, there is a trick to make this double copy
structure more manifest. First, we note that we can write the gauge amplitudes as [15,50]:
1
gn−2
Atreen (1, 2, 3, ...n) =
∑
diags,i
nici∏
αi
sαi
(1.3)
where ci are the color factors associated with the non-abelian gauge algebra, ni are the kinematic numer-
ators (contractions of polarisation vectors and momenta) and sαi are the inverse propagators associated
with the channels αi of the diagram i. Then we can exploit the generalised gauge freedom of the ampli-
tudes to rewrite them in such a way that the ni’s have the same algebraic properties (i.e. they satisfy the
same constraints) as the ci’s. This is called the BCJ duality. The upshot is that, after rewriting them
in this form, we can simply get gravity amplitudes by swapping the colour factors for a second set of
kinematic factors:
−i
(k/2)n−2
Mtreen (1, 2, 3, ..., n) =
∑
diags,i
nin˜i∏
j sαi
(1.4)
Remarkably, this still holds at loop level and is currently being used to investigate the unresolved question
of the finiteness of N = 8 supergravity [51] and in various other supergravity multi-loop calculations
[52–54]. There have been attempts to rewrite the SYM Lagrangians in such a way that the amplitudes
that come from applying Feynman rules automatically satisfy the BCJ duality. So far, this can only be
done order by order in the number of external legs [55,56].
A new ingredient was introduced into the squaring story in [23, 40]. The S-matrix of a theory can be
written, schematically:
M(s) =
∫
dσT (G, σ)2−s(PfΨ)s
=
∫
dσI(s)
(1.5)
where the integral is over punctures on a sphere, T (G, σ) is a function of the punctures and the generators
of the gauge group G, and PfΨ is the Pfaffian of matrix Ψ. The matrix Ψ depends on the punctures, the
momenta and the polarisation vectors of the scattered particles. Finally, s is the spin of the particles in
our theory. For example, for gravity, s = 2 and the T (G, σ) factor vanishes, as expected. For YM, s = 1,
so we get both factors in our integral. Finally, for a scalar theory it is the Pfaffian that will vanish, so we
can write:
I(grav) × I(φ) = I(YM) × I(YM) (1.6)
so squaring YM no longer gives just gravity, but also a scalar. Analysing the formula for M(s) in more
detail tells us that the scalar must live in the bi-adjoint of a gauge group GL×GR, with interaction term:
LI = −fabcf¯a′b′c′φaa′φbb′φcc′ (1.7)
Another manifestation of the double-copy idea is at the level of solutions: it has been observed in the
context of classical shock-wave solutions [57] and in the self-dual sector [58,59]. More recently, in [60], the
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Kerr-Schild coordinates were used to make the double copy manifest. In these coordinates, the metric is
written as:
gµν = ηµν + hµν
= ηµν + kµkνφ
(1.8)
where ηµνkµkν = g
µνkµkν = 0. Now we can think of Aµ = φkµ as an abelian gauge field. Then the
Einstein equation implies the Maxwell equation, and we can think of φ as an abelianised version of the
scalar in (1.6). The idea was also extended to non-abelian gauge groups in [60].
Finally, there have been attempts to give a direct dictionary between supergravity and SYM squared
[12]. For example the product of two gauge fields is given by:
AµL ⊗AνR = hµν +Bµν + ηµνφ (1.9)
However these fields are only seen as manifestations of the underlying string theory. The equation (1.9) is
not to be understood as a stand-alone equality in the context of the field theories. For example, the LHS
and RHS will not transform in the same way under local symmetries of the field theory Lagrangians; to
impose equality one must go back and forth between asking how string states would behave and requiring
the same rules apply for the fields.
The main goal of this thesis is to understand the double copy at the level of the symmetries of the
Lagrangians of these field theories. We will build dictionaries between gauge theories and gravity that
are valid whether or not there is an underlying string interpretation. The work is structured as follows:
in subsection 1.2 we introduce the field content and scalar cosets of supergravity theories in D ≥ 3.
These will be obtained from the R-symmetries of SYM theories in section 3. Then, in subsection 1.3, we
introduce the division algebras and their relations to Clifford algebras in 3 ≤ D ≤ 10. These will prove
to be the most natural way to express our squaring formula. Finally, in the last part of the introduction,
subsection 1.4, we introduce the language of superfields for supergravity and gauge theories. These will
allow us to write the dictionary of section 2 in its most compact form. In section 2, by regarding gravity as
the convolution of left and right Yang-Mills theories together with a spectator scalar field in the bi-adjoint
representation, we derive in linearised approximation the gravitational symmetries of general covariance,
p-form gauge invariance, local Lorentz invariance and local supersymmetry from the flat space Yang-Mills
symmetries of local gauge invariance and global super-Poincare. As an example, we will we focus on the
new-minimal (12 + 12) off-shell version of N = 1 four-dimensional supergravity obtained by tensoring the
off-shell Yang-Mills multiplets (4 + 4,NL = 1) and (3 + 0,NR = 0). The dictionary will be given by:
ϕµ = V
i(L) ? Φii′ ? Aµ
i′(R)
φ = V i(L) ? Φii′ ? σ
i′(R)
Sµ = Λ
i(L) ? Φii′ ? Aµ
i′(R)
(1.10)
where ϕµ is the N = 1 supergravity superfield, V i(L) is the N = 1 SYM superfield, Aµi′(R) is an N = 0
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gauge field and Φii′ is the bi-adjoint spectator scalar. Here φ, Sµ and Λ
i,σi
′
are the parameters of the
local transformations of supergravity and SYM respectively.
In section 3 we tensor all possible pairs of on-shell super Yang-Mills multiplets in dimensions 3 ≤ D ≤
10 to get on-shell supergravity multiplets, possibly with additional matter multiplets. By associating
a (direct sum of) division algebra(s) D with each dimension 3 ≤ D ≤ 10 we obtain a formula for
the supergravity U-duality group G and its maximal compact subgroup H in terms of the internal global
symmetry algebras of each super Yang-Mills theory. We then extend our analysis to include supergravities
coupled to an arbitrary number of matter multiplets by allowing for non-supersymmetric multiplets in
the tensor product.
In section 4 we explore the idea of SYM multiplets themselves as double copies. We construct the states
and symmetries of N = 4 super-Yang-Mills by tensoring two N = 1 chiral multiplets and introducing two
extra SUSY generators. This allows us to write the maximal N = 8 supergravity as four copies of the
chiral multiplet. We extend this to higher dimensions and discuss applications to scattering amplitudes.
Finally, we detail some of the computations in the appendices. In subsection A.1 , we derive the field
redefinitions necessary to make contact between our dictionary in section 2 and the the transformation
rules for new minimal supergravity given in [61]. In subsection A.2 we give some notes on the quaternionic
representations needed in section 3. In subsection A.3, we explain how to tensor SYM multiplets in all
dimensions 4 ≤ D ≤ 10. Lastly, in subsection A.4 we give some checks of the commutators of the algebras
constructed in section 3.
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1.2 Field theories in various dimensions and their symmetries
1.2.1 11 dimensional supergravity
Our starting point in the study of supergravity theories is the 11 dimensional theory. This occupies a
privileged position for a variety of reasons, mainly because it is the low energy limit of M-theory and
supergravity theories in lower dimensions can be obtained from it by dimensional reduction, as will be
explained below. It contains a graviton gMN , a gravitino ΨM and a three-form AM1M2M3 , with field
strength FM1M2M3M4 = 4∂[M1AM2M3M4]. Its Lagrangian is given by:
L(D=11) =
√−g
[
R(ω)− 1
48
FM1M2M3M4FM1M2M3M4 +
1
20736
M−1...M11AM1M2M3FM4M5M6M7FM8M9M10M11
]
−√−g2iΨ¯MΓMNPDN
(
ω + ωˆ
2
)
ΨP
− i
√−g
96
(Ψ¯M1Γ
M1M2M3M4M5M6ΨM2 + 12Ψ¯
M3ΓM4M5ΨM6)(FM3M4M5M6 + FˆM3M4M5M6)
(1.11)
with
ωMab = ωMab(e) +
i
4
[
Ψ¯NΓ
NQ
Mab ΨQ − 2(Ψ¯MΓbΨa − Ψ¯MΓaΨb − Ψ¯bΓMΨa)
]
ωM [NP ] = ωMabe
a
Ne
b
P =
1
2
(Ω[MN ]P − Ω[NP ]M + Ω[PM ]N )
Ω[MN ]P = (∂Me
a
N − ∂NeaM )ePa
(1.12)
and the covariant derivative is:
DN (ω)ΨN = ∂NΨM +
1
4
ω abN ΓabΨM (1.13)
In terms of field content and interactions, this is actually the simplest possible supergravity theory (with
maximal SUSY). Supergravities in lower dimensions are obtained by dimensional reductions on various
manifolds or orbifolds.2 To describe this process we start with the simplest case- reduction on an S1,
where we take one of the dimensions and compactify it on a small circle. This is called Kaluza-Klein
reduction.
1.2.2 Dimensional reduction of a scalar field
We begin with a toy model, which will help us to illustrate the idea of truncation. Let φ(D+1) be a scalar
field in D + 1 dimensions. Assuming it is a massless field, its equation of motion is just:
∂M∂
Mφ(D+1) = 0 (1.14)
2For a detailed descriptions of this process, see for example [62–65]
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We now compactify one of the dimensions, z, on a small circle. This means we can Fourier expand the
field:
φ(D+1)(x, z) =
∑
n
φ(D)n (x)e
inz/l (1.15)
Then the equation of motion (1.13) becomes:
∂µ∂
µφ(D) − n
2
l2
φ(D)n = 0 (1.16)
Note that we use capital Roman letters for the higher dimension and Greek letters for the lower dimension.
Now, equation (1.16) is the e.o.m. for a massive scalar field with mass |n|l . Since we consider l to be very
small, this means the mass of the field will be very large and, at least from the perspective of potential
experimental detection, it makes sense to neglect these terms. This amounts to performing a truncation,
and the idea extends to the other types of fields. The truncation is consistent, i.e. the modes that
we have thrown away can’t be sourced by the one we kept. Notice that the mode functions einz/l are
representations of the U(1) group of the circle we have reduced on. The one we kept, corresponding to
n = 0 is a singlet, while the others carry a U(1) charge and are parts of doublets and hence can be thrown
away without fear that they will be sourced by the singlet that we have kept.
1.2.3 Dimensional reduction of the metric
Since the metric has two indices, we have 3 possibilities when dimensionally reducing: both lie in the
extended dimensions (g
(D+1)
µν ), only one does (g
(D+1)
µz ) or they are both in the compactified dimension
(g
(D+1)
zz ). These could straightforwardly be identified with the metric, a 1-form and a scalar in the lower
dimension, but for the purpose of writing the Lagrangian and revealing the symmetries of the lower
dimensional theory, it turns out it is helpful to do some redefinitions:
g(D+1)µν = e
2k1φ(D)g(D)µν + e
2k2φA(D)µ A
(D)
ν
g(D+1)µz = e
2k2φ(D)A(D)µ
g(D+1)zz = e
2k2φ(D)
(1.17)
where g
(D)
µν , A
(D)
µ and φ(D) will be the metric, 1-form (called the Kaluza-Klein vector) and scalar (called
the dilaton) in the lower dimension. It is conventional to choose the constant factors k1 and k2 to be:
k1 =
√
1
2(D − 1)(D − 2)
k2 = −(D − 2)k1
(1.18)
It is useful to also write down the vielbeins in our convention:
Ea(D+1) = e
k1φ(D)Ea(D)
Ez(D+1) = e
k2φ(D)(dz +A(D))
(1.19)
16
where A(D) = A
(D)
µ dxµ. It can then be shown that the Lagrangian becomes:
L =
√
−g(D+1)R(D+1)
=
√
−g(D)
(
R(D) − 1
2
(∂φ(D))2 − 1
4
e−2(D−1)k1φ
(D)
F (D)µν F
µν(D)
) (1.20)
which is an Einsten-Maxwell-scalar system.
1.2.4 p-forms: dimensional reduction and Hodge duals
When reducing an anti-symmetric p-form A
(D+1)
M1M2...Mn−1 , we have two possibilities: either none of the
indices are in the compactified dimension (A
(D+1)
µ1µ2...µn−1), or one of them is (A
(D+1)
µ1µ2...µn−2z).
3
Note that the lower dimensional potentials are just the straightforward reductions of the higher di-
mensional ones, but we will be doing a redefinition for the field strengths (again, this will be helpful with
writing Lagrangians). The dimensional reduction of an (n-1)-form then gives:
A
(D+1)
(n−1) = A
(D)
(n−1) +A
(D)
(n−2) ∧ z (1.21)
where A(p) denotes a p-form. For the field-strength we then have:
F
(D+1)
(n) = dA
(D)
(n−1) + dA
(D)
(n−2) ∧ z (1.22)
but in order to stay consistent with the choice for the vielbeins (1.19), we will rewrite:
F
(D+1)
(n) = dA
(D)
(n−1) − dA
(D)
(n−2) ∧A
(D)
1 + dA
(D)
(n−2) ∧ (z +A
(D)
1 (1.23)
from which we can read the d-dimensional field strengths:
F
(D)
(n) = dA
(D)
(n−1) − dA
(D)
(n−2) ∧A
(D)
1
F
(D)
(n−1) = dA
(D)
(n−2)
(1.24)
We now introduce the concept of the Hodge dual by its action on a basis of p-forms:
∗(dxM1 ∧ ... ∧ dxMp) = 1
(D − p)!
M1...Mp
N1...N(D−p) dx
N1 ∧ ... ∧ dxN(D−p) (1.25)
so that for a p-form A we get:
B = ∗A
BM1...Mq =
1
p!

N1...Nq
M1...Mp
AN1...Np
(1.26)
with q = D − p. This maps p-forms to (D-p)-forms. Note that the degrees of freedom of a p-form and
3Of course, we can’t have more than one leg in the compactified dimension because of the anti-symmetry.
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its dual are the same, and the two are sometimes used interchangeably in physical theories. This will be
important later when we look at symmetries of Lagrangians.
The Hodge dual is also useful for writing Lagrangians in form notation (this usually leads to more
concise expressions). For example (1.20) becomes:
L = R ∗ 1− 1
2
∗ dφ(D) ∧ dφ(D) − 1
2
e−2(D−1)k1φ ∗ F (D)(2) ∧ F
(D)
(2) (1.27)
where we have used:
∗1 = 1
D!
µ1...µDdx
µ1 ...dxµD
=
√−gdx0...dxD−1
=
√−gdDx
(1.28)
The next natural step would be to look at dimensional reductions of fermions. However, a lot of the
interesting properties of this reduction are lost when we only compactify on a circle. We thus have to
introduce the next simplest reduction, on tori.
1.2.5 Toroidal dimensional reduction of bosons
Mathematically, the torus is just a direct product of circles Tn = S1× ...×S1, so dimensional reduction on
a torus simply amounts to repeated dimensional reduction on a circle. Assume we start in 11 dimensions
and reduce to D dimensions on a T 11−D. The bosonic fields in the 11 dimensional theory are just the
metric g
(11)
MN and the three-form A
(11)
(3) . These will reduce to a variety of fields in the lower dimensions, as
shown below:4
g
(11)
MN →

gµν
Ai(1)
φi
Ai(0)j
(1.29)
Here gµν is the metric in D dimensions. The i index run from 1 to 11−D and Ai(3) are the Kaluza-Klein
vectors; we obtain one at each step in the reduction. φi are the dilatons; again, we get one after each
circle reduction. Finally, Ai(0)j are the axions coming from the reduction of the Kaluza-Klein vectors; here
i = 1, ...11−D − 1 and i < j ≤ 11−D.
The three-form yields:
A
(11)
(3) →

A(3)
A(2)i
A(1)ij
A(0)ijk
(1.30)
Here A(3) is the three-form potential in D dimensions. A(2)i are the two-form generated at each step,
A(1)ij are the one-forms obtained from reducing the two-forms, and A(0)ijk are the zero-forms generated
4For clarity, we have dropped the superscript (D) on the D-dimensional fields since they will be carrying indices corre-
sponding to toroidal coordinates.
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by reducing the one-forms. Note that the indices i, j, k are anti-symmetrised in the above. See, for
example [66] or [65] for a computation of the supergravity Lagrangians in the lower dimensions. There
is a concise way of describing the coupling of the scalars to the p-forms via the so-called dilaton vectors.
The symmetries of the theories obtained by reducing on the torus will be described in subsubsection 1.2.9.
1.2.6 Toroidal dimensional reduction of fermions
The general spinor in D dimensions (the Dirac spinor) has 2[
D
2 ] components. The reduction proceeds
slightly differently than for previous cases (there are no longer vector indices that could lie in the com-
pactified dimensions or in the extended lower dimensions). Instead, the fermion splits into a tensor
product. Assume that we are starting in D + n dimensions and reducing on an n-torus. We have:
χ(D+n) = χ
(D)
i ⊗ λi(n) (1.31)
Here χ
(D)
i are the spinors in D dimensions and we can think of λ
(n)
i as spinors on the torus. Truncation
amounts to setting them to be constant spinors. Of course, in practice it is convenient to pick them to
form a basis. Then we see that the reduction of a fermion on a torus Tn gives 2[
n
2 ] lower dimensional
fermions.
A gravitino ψ
(D+n)
M has both spinor and vector indices so using (1.31) and subsubsection 1.2.4, we find
two possibilities:
ψ(D+n)µ = ψ
(D)
µi ⊗ λi(n)
ψ(D+n)m = χ
(D)
i ⊗ λi(n)m
(1.32)
Where the M index has been split into µ along the D uncompactified dimensions and m for the torus
dimensions. Thus the gravitino gives both lower dimensional gravitini and spin-12 fields. As a well known
example, let’s pick compactification of 11 dimensional supergravity on a T 7 to obtain maximal N = 8
supergravity in 4 dimensions. The number of gravitini is equal to the number of components of λ(7),
which is 2[
7
2 ] = 8 as expected. Then for the number of spinors we count the components of λ
(7)
m , which
gives the required 7× 8 = 56.
Finally we want to describe the dimensional reduction of Gamma matrices; this will be useful in writing
Lagrangians and SUSY transformations in the lower dimensions. Assume again that we are reducing from
D + n to D on an n-torus. We want our gamma matrices to satisfy:
{ΓM ,ΓN} = 2ηMN
{γµ, γν} = 2ηµν
{γm, γn} = 2δmn
(1.33)
with the assgnment of indices as described above. Again we will decompose the higher dimensional objects
as tensor products, but we see that we will need to make different choices depending on the parity of D
and n, as shown in
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D n Γ
(D+n)
µ Γ
(D+n)
m
even odd γµ ⊗ 1(n) γ(D)∗ ⊗ γm
odd even γµ ⊗ γ(n)∗ 1(D) ⊗ γm
even even γµ ⊗ 1(n) γ(D)∗ ⊗ γm
γµ ⊗ γ(n)∗ 1(n) ⊗ γm
odd odd σ1 ⊗ γµ ⊗ 1(n) σ2 ⊗ 1(D) ⊗ γm
Table 1: Dimensional reduction of Gamma matrices. We use the notation γ
(k)
∗ = iγ0...γk−1and σ1 and σ2
are just the usual 2× 2 Pauli matrices.
1.2.7 N = 4 SYM from dimensional reduction
Apart from being intrinsically interesting (for example due to UV finiteness, its role in the AdS/CFT
correspondence etc.), the N = 4 super Yang-Mills theory will feature both in section 3, where it squares
to give us the maximal supergravity in 4 dimensions, and in section 4, where it is itself obtained as the
square of the minimal N = 1 chiral multiplet. Here we will show how its fields and their supersymmetry
transformations arise from those of the N = 1 SYM in 10 dimensions.5
The 10 dimensional theory consists of a 1-form (the gauge field) and one spinor. We reduce on a
6-torus to obtain the N = 4 theory in 4 dimensions. This will contain a gauge field and 6 scalars (one
generated at each step from the reduction of the 1-form). We also get 4 fermions from the dimensional
reduction of the 11 dimensional fermion (naively we would expect 2[
6
2 ] = 8 of them, but, as we will see
later, chirality considerations will project out half of them).
The Lagrangian for the 10 dimensional theory is:
L = 1
4
Tr(FMN , F
MN ) +
i
2
Tr(χ¯, γMDMχ) (1.34)
Here we are tracing over the non-abelian gauge algebra generators. We will use the same convention as
before: M,N, .. for indices in D = 11, µ, ν, .. for indices in D = 4 and m,n, ... for indices on the 6-torus.
The Dirac spinor in 11 dimensions has 32 complex components, however we can use a Majorana basis
where they are real. We can further restrict to 16 components by working with Majorana-Weyl spinors,
which satisfy:
Γ
(10)
∗ χ = χ (1.35)
The SUSY variations are then given by:
δAM = i¯γMχ (1.36)
5See [67] or [68] for a more detailed description.
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δχ = −1
2
FMNΓ
MN  (1.37)
where we require the SUSY parameter to also satisfy:
Γ
(10)
∗  =  (1.38)
It can be shown that the field strength reduces to:
FMN →

Fµν
Fµm = Dµφm
Fmn = −i[φm, φn]
(1.39)
where we have omitted the gauge indices. The bosonic part of the Lagrangian then reduces to:
L(4)B =
1
4
Tr(Fµν , F
µν) +
1
2
∑
m
Tr(Dµφm, D
µφm)− 1
4
∑
m,n
Tr([φm, φn], [φm, φn]) (1.40)
As for the fermions, we note that we are reducing on an even dimensional torus down to an even dimen-
sions. We can thus read off the decomposition of the Clifford algebra from the third line of Table 1 and
we get:
Γ(10)µ = γµ ⊗ 1(6)
Γ(10)m = γ
(4)
∗ ⊗ γm
(1.41)
Requiring that Γ10 and γ(4) are Majorana, and given that γ
(4)
∗ is pure imaginary, imposes that the gamma
matrices on the 6-torus are pure imaginary (pseudo-Majorana representation). A convenient choice for
them is:
γ
(6)
1 = 1⊗ 1⊗ σ2
γ
(6)
2 = 1⊗ σ2 ⊗ σ3
γ
(6)
3 = σ2 ⊗ σ3 ⊗ σ3
γ
(6)
4 = σ2 ⊗ σ1 ⊗ σ3
γ
(6)
5 = σ3 ⊗ σ2 ⊗ σ1
γ
(6)
6 = σ2 ⊗ 1⊗ σ1
(1.42)
where σi are just the usual Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(1.43)
The 10 dimensional spinor is decomposed as:
χ(10) = λ
(4)
I ⊗ ηI (1.44)
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and similarly for , the parameter for SUSY transformations. Naively, it seems that we will have 8 spinors
in 4 dimensions. But remember that we had chirality constrains (1.35) and (1.38), on χ and . This
means that the chirality of ηI with respect to γ
(6)
∗ depends on the chirality of λI with respect to γ
(4)
∗ .
More spectifically we have:
Γ10∗ = −iγ(6)∗ ⊗ γ(4)∗ (1.45)
So that Γ10∗ χ = χ implies:
−i(γ(4)∗ λI)⊗ (γ(6)∗ ηI) = λI ⊗ ηI (1.46)
but remember that we picked the ηI spinors to form a basis (for example ηI is the spinor with all
components vanishing, except for the I’th component, which is 1). That means the action of the γ
(6)
∗ on
ηI can be written as:
γ
(6)
∗ ηI = RIJη
J (1.47)
with RIJ an 8× 8 matrix. But now RIJ can rotate the λI , so we can rewrite the chirality constraint as:
λI = iγ
(4)
∗ R JI λJ (1.48)
which means we only keep half of the original 8 λ’s. The calculation proceeds similarly for , and thus we
see why the maximal SYM theory in 4 dimensions is N = 4.
We can now write the fermionic part of the reduced Lagrangian:
LF = i
2
δIJ Tr(λ¯I , γ
µDµλJ) +
1
2
γIJm Tr(λ¯I , γ
(4)
∗ [φm, λJ ]) (1.49)
where we have defined
γIJm = (η
I)Tγmη
J (1.50)
Finally, the SUSY transformations (1.36) and (1.37) will become, upon dimensional reduction:
δAµ = i¯Iγµλ
I
δλI = −1
2
Fµνγ
µνI − γµγ(4)∗ DµφmγIJM J +
i
2
[φm, φn]γIJmnJ
δφm = −¯Iγ(4)∗ λJγIJm
(1.51)
For the sake of completeness, and because we will be using it in section 4, it is interesting to describe the
N = 4 multiplet in terms of on-shell momentum states. On-shell, the gauge field Aµ has two degrees of
freedom, corresponding to states A+(p) and A−(p), of helicity ±1. Each of the spinors λI will have two
on-shell states λI+(p) and λ
−
I (p), with helicities ±12 . Note that the spinors (as well as the SUSY generators
QI and Q†I) live in the (anti-)fundamental of the R-symmetry group SU(4). The six scalars will live in
the second anti-symmetric representation of SU(4), so their states are given by φIJ(p), of helicity 0. Then
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the SUSY generators can either lower the helicity of a state, as shown below:
[Qa, A+(p)] = [p|λa+(p)
[Qa, λb+(p)] = [p|φab(p)
[Qa, φbc(p)] = [p|abcd− λ−d (p)
[Qa, λb−(p)] = −[p|δabA−(p)
[Qa, A−(p)] = 0
(1.52)
or raise it:
[Q†a, A+(p)] = 0
[Q†a, λ
b
+(p)] = |p〉δbaA+(p)
[Q†a, φ
bc(p)] = |p〉2!δ[ba λc]+(p)
[Q†a, λb−(p)] = |p〉φab(p)
[Q†a, A−(p)] = −|p〉λ−a (p)
(1.53)
Here [p] and |p〉 are 2-component commuting solutions of the massless Weyl equation. See subsection 4.1
for a more detailed description of the notation.
1.2.8 Local symmetries from dimensional reduction
We now return to gravitational theories. We have seen in subsubsection 1.2.3 that reducing gravity on a
circle gives us gravity coupled to a vector and a scalar. Thus the general coordinate covariance in D + 1
dimensions will have to somehow give us, upon reduction, general coordinate covariance in D together
with the gauge transformation for the gauge field. In D+1 dimensions, under an infinitesimal local shift:6
δxM(D+1) = −ξM(D+1) (1.54)
the metric will transform as:
δg
(D+1)
MN = ξ
P
(D+1)∂P g
(D+1)
MN + g
(D+1)
PN ∂Mξ
P
(D+1) + g
(D+1)
MP ∂Nξ
P
(D+1) (1.55)
Of course, the transformation (1.54) does not preserve decomposition of the metric under an S1 reduction.
We find that the D + 1 dimensional parameter must split as:
ξM(D+1) →
ξ
µ
(D+1) = ξ
µ
(D)
ξz(D+1) = cz + θ(x
µ)
(1.56)
6Note that we will be using M,N, ... for indices in D+ 1 dimensions and µν, ... for indices in the extended D dimensions.
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For now, we will take c = 0 and only look at local transformations. Remember how the D+1 dimensional
metric splits under the lower-dimensional fields:
g(D+1)µν = e
2k1φ(D)g(D)µν + e
2k2φA(D)µ A
(D)
ν (1.57)
g(D+1)µz = e
2k2φ(D)A(D)µ (1.58)
g(D+1)zz = e
2k2φ(D) (1.59)
From (1.55) and (1.59) we find:
δg(D+1)zz = ξ
µ
(D)∂µg
(D+1)
zz (1.60)
which implies:
δφ = ξµ(D)∂µφ (1.61)
so it transforms as a scalar in D dimensions. Then, from (1.58) and (1.55), we get:
δg(D+1)µz = ξ
ρ
(D)∂ρg
(D+1)
µz + g
(D+1)
ρz ∂µξ
ρ
(D) (1.62)
which gives us a transformation rule for the 1-form:
δA(D)µ = ξ
ρ
(D)∂ρA
(D)
µ +A
(D)
ρ ∂µξ
ρ
(D) + ∂µθ (1.63)
so exactly as we would expect a 1-form gauge field in curved space-time to transform. We see that the z
component of the parameter for general coordinate transformations has become the parameter for U(1)
gauge transformations. Finally, we use (1.57) and (1.55) to get the local transformations for the lower
dimensional metric:
g(D)µν = ξ
ρ
(D)∂ρg
(D)
µν + g
(D)
ρν ∂µξ
ρ
(D) + g
(D)
µρ ∂νξ
ρ
(D) (1.64)
Turning the constant parameter c back on in (1.56) will induce global transformations on the D-dimensional
fields.
We now consider reduction on an n-torus. The parameter for general coordinate transformations now
decomposes as:
ξM(D+n) →
ξ
µ
(D+n) = ξ
µ
(D)
ξz(D+n) = λ
i
jz
j + θi(xµ)
(1.65)
where λij is a matrix of global parameters. Similarly to before, we can turn the global parameters off
and we will find that the lower dimensional fields will transform as expected, with ξµ(D) the parameter for
general coordinate transformations and θi the n gauge parameters of the n gauge fields obtained from
dimensional reduction.
Now if we turn the global parameters back on, we see that it corresponds to a transformation of the
torus coordinates:
δzi = −λijzj (1.66)
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which, since λij is unconstrained, corresponds to a GL(n,R) transformation. Generally, supergravity
theories reduced on an n-torus will have GL(n) as an internal global symmetry.7. Note that sometimes
this is enhanced to larger symmetry groups. We will describe how these symmetries arise in following
section.
1.2.9 Global symmetries from dimensional reduction
We begin with dimensional reduction on a 2-torus: this is a simple enough model, yet it already displays
some of the properties of the general reduction. The metric will reduce to:
g
(D+2)
MN →

gµν
Ai(1)
φi, the dilatons
Ai(0)j ≡ χ, the axion
(1.67)
Let us study for now just the scalar part of the theory. Firstly, it turns out it will be useful to rewrite
the dilaton fields as:
φ = c1φ
1 + c2φ
2
ϕ = −c2φ1 + c1φ2
(1.68)
where
c1 = −1
2
√
2D
D − 1 , c2 =
1
2
√
2(D − 2)
D − 1 (1.69)
Then the scalar part of the Lagrangian becomes:
Ls = −1
2
∂µϕ∂µϕ− 1
2
∂µφ∂µφ− 1
2
e2φ∂µχ∂µχ (1.70)
First we note that this Lagrangian is invariant under a global shift of ϕ, which means that its global
symmetry will include an R factor. Then, to analyse the other two scalars we make yet another field
redefinition:
u = χ+ ie−φ (1.71)
and then the Lagrangian becomes:
Ls = −1
2
∂µϕ∂µϕ− ∂
µu∂µu¯
2Im(u)2
(1.72)
Now we see that the Lagrangian is invariant under the following transformation:
u→ au+ b
cu+ d
(1.73)
7Internal symmetries leave the metric invariant; this will not necessarily follow immediately from (1.65), sometimes we
need to make use of scaling symmetries of the equations of motion in D + n to set the metric to be invariant- see [64] for
more details.
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where a, b, c, d are constants satisfying ad− bc = 1. Note that this condition is equivalent to Det(S) = 1,
for:
S =
(
a b
c d
)
(1.74)
which means M is an SL(2) matrix. Hence we have an SL(2) symmetry of the Lagrangian, acting non-
linearly on the appropriate combination of two of the scalars in our theory. Together with the R symmetry
exhibited by the third one, we have exhibited a GL(2,R) symmetry of the scalar Lagrangian.
The natural next step now would be to study the symmetries of the other terms in the Lagragian.
However, it can be shown that once the symmetry group of the scalar sector has been established, the
other fields will transform in representation of the same group. One thing to note is that while the scalars
transform non-linearly under this group, the higher rank objects will transform linearly (i.e. they can be
collected into vectors on which the group acts by matrix multiplication).
In order to better understand the SL(2) symmetry, it helps to rewrite the part of the Lagrangian:
L(φ, χ) = −1
2
∂µφ∂µφ− 1
2
e2φ∂µχ∂µχ
=
1
4
Tr(∂M−1∂M)
(1.75)
Where the matrix M is defined as:
M = V TV (1.76)
With V obtained by exponentiating the scalars with two of the generators of SL(2):
V = e
1
2
φHeχE+
=
(
e
1
2
φ χe
1
2
φ
0 e−
1
2
φ
)
(1.77)
where H is the generator of the Cartan subalgebra and E+ is the ”raising” operator. We are working
with the following choice for the generators:
E+ =
(
0 1
0 0
)
E− =
(
0 0
0 1
)
H =
(
1 0
0 −1
)
(1.78)
Now it is easy to see that, under an SL(2) transformation:
V → V S (1.79)
M → STMS (1.80)
so we have made the Lagrangian manifestly invariant under the SL(2) transformation (using the properties
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of Tr). However, we seem to run into a different problem now. Note that:
V S =
(
e
1
2
φ(a+ cχ) e
1
2
φ(b+ dχ)
ce−
1
2
φ de−
1
2
φ
)
(1.81)
so, by performing the SL(2) transformation, we have taken the matrix away from its upper-triangular
form. The issue with this is that we can no longer read off the transformations on the actual fields φ and
χ. To put it back in the upper-diagonal form, we need to make a compensating transformation:
V → OV S (1.82)
where the matrix O will be:
O =
1√
c2 + e2φ(cχ+ a)2
(
eφ(cχ+ a) c
−c eφ(cχ+ a)
)
(1.83)
There are two things to note here. Firstly, this left-handed transformation is, in fact, a local transformation
(since it depends on the fields φ and χ). Secondly, it is orthogonal, so it is easy to see that M , and hence
the whole Lagrangian, is invariant under (1.82). As a 2×2 orthogonal matrix, O will be an element of O(2).
Then we see that our scalars fields will parametrise a coset space SL(2,R)O(2) . The SL(2) acts transitively on
the manifold parametrised by φ and χ, but we need to mod out by a compensating transformation O(2).
The matrix V is called the coset representative and it was obtained by exponentiating two of the
three SL(2) generators. Things can get a little more complicated when reducing supergravity on higher-
dimensional tori. Naively, we would expect reduction on a 3-torus to yield a coset group GL(3,R)O(3) . However,
taking a specific example, such as 11-dimensional supergravity, we see that it contains a 3-form in addition
to the metric. This reduces according to (1.30). Thus we see that when reduced on a two-torus, it will
yield n-forms, with n = 3, 2, 1. However, when we reduce on a three-torus, it will also yield an axion,
which couples with one of the dilatons from the metric reduction to enhance the symmetry group to
SL(3,R)
O(3) × SL(2,R)O(2) .
To understand how the definition of the coset representative V in (1.77) generalises to reduction on
Tn, we will take a small group theory detour in order to introduce the relevant notation. The generators
of a group G have a subset
−→
H = {H1, ...Hn} with the property:
[Hi, Hj ] = 0 (1.84)
for any Hi, Hj ∈ −→H . These are called the Cartan generators of the group. SL(2,R) for example has a
single Cartan generator, given by the H matrix in (1.78). In general SL(n,R) has n−1 Cartan generators.
H is important because of its commutation relations with the other generators of the group:
[
−→
H,E−→α ] =
−→αE−→α (1.85)
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Here α are the root vectors and there is one associated with every non-Cartan generator of the group. We
adopt a convention where a root is called positive or negative depending on the sign of the first non-zero
component starting from the left. In the case of SL(2), the commutation relations (1.85) become:
[H,E±] = ±2E± (1.86)
So +2 is the only positive root, corresponding to E+. Now we see that the coset representative V was
obtained by exponentiating the scalars with the Cartan generator and the generator corresponding to the
positive root.
One could in principle follow this method and compute the coset representatives together with the
group action and the compensator action on them. Of course, this becomes more and more cumbersome
as the dimension of the torus increases. However, we know that it can be generally done due to a
mathematical result called the Iwasawa decomposition. For a general element g of a Lie group G, we can
write:
g = gHgCgN (1.87)
where gH belongs to maximally compact subgroup H of G, gC is an element of the Cartan subalgebra
of G and gN is given by the generators corresponding to positive roots. Note that this form of the
decomposition applies to maximally non-compact groups G. We will generalise it in (1.93). Now it is easy
to see that the coset representative (1.77) generalises naturally to:
V = gCgN (1.88)
and in the case of supergravity dimensional reduction, we will build V by exponentiating the dilatons with
Cartan generators and the axions with positive-root generators. This is called the Borel gauge- the Borel
subgroup of a Lie group is generated by the positive root generators together with the Cartan generators.
For maximally non-compact groups, the dimension of the Borel subgroup is equal to the dimension of the
coset G/H.
The reduction on n-tori, with n ≤ 5, proceeds straightforwardly, and the Lagrangian is just L =
1
4 Tr(∂M
−1∂M), with M = V TV , as before. Things get slightly more complicated for n > 5. In D=5,
apart from the dilatons and axions obtained from reducing the metric and 3-form on a 6-torus, we will
get an extra scalar. This comes from taking the Hodge dual (see equation (1.26)) of the field strength
of the 3-form. This will be a (5 − 4) = 1-form, and hence can be interpreted as the field strength of
the new scalar. In D = 4, we go through a similar procedure with the 7 two-forms, to get 7 additional
scalars. Finally, in 3 dimensions we get scalars from dualising 1-forms, so there will be an extra 36 of
them. To write the Lagrangian in these cases, we must first introduce the Cartan involution I. It acts on
the generators via:
(E−→α ,
−→
H )→ −(E−−→α ,
−→
H ) (1.89)
so combinations of the form E−→α −E−−→α will be invariant. The upshot is that the generators of the compact
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subgroups of a Lie group are exactly those combinations which are invariant under the Cartan involution.
We can now define a generalised transpose:
XTG ≡ I(X−1) (1.90)
This reduces to the usual transpose for generators of the orthogonal group. For the unitary group, it will
just be the hermitian conjugate. We can now generalise (1.76) to define:
MG = V
TGV (1.91)
so that the Lagrangian (1.75) becomes:
L = 1
4
Tr(∂M−1G ∂MG) (1.92)
Toroidal compactifications, besides being the simplest to work with, also have the property that they
always give the maximal Supergravities in the lower dimensions. In Table 2, we summarise these for all
3 ≤ D ≤ 10.
D N GH
10 (1, 1) O(1, 1)
(2, 0) SU(1,1)U(1)
9 2 GL(2,R)O(2)
8 2 SL(3,R)SO(3) × SL(2,R)SO(2)
7 2 SL(5,R)SO(5)
6 (2, 2) O(5,5)O(5)×O(5)
5 4
E6(6)
USp(4)
4 8
E7(7)
SU(8)
3 16
E8(8)
SO(16)
Table 2: Supergravity cosets from toroidal reductions. The are maximally supersymmetric, with 32
supercharges
Remember that we have only explained how to build the coset representative for maximally non-
compact groups. However, we will encounter supergravity theories where the global symmetry group G is
not maximally non-compact. It turns out we need to generalise the Iwasawa decomposition; every element
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g of a group G can be decomposed as:
g = gHgAgN (1.93)
Where, again, H is the maximally compact subgroup. A is the maximal non-compact abelian sub-group
of G, and N is the nilpotent subgroup. N is a subset of the Borel algebra generators which have positive
roots under A. This is a generalisation of (1.87) to non-maximally compact groups. For a more detailed
description of theories exhibiting these kinds of symmetry groups see [69] and [70].
1.2.10 Non-maximal supergravity and coupling to matter multiplets
We have seen how starting from 11 dimensions and reducing on tori, one obtains supergravity theories
with maximal SUSY, i.e. 32 supercharges. However, many interesting models only exhibit part of this
supersymmetry. One way to obtain them is by reducing theories on various manifolds or orbifolds.
Another method is truncation we start with the maximal theory in some dimension and set some of its
fields to 0, in a consistent way that will preserve part of the SUSY (see [71] for an example in D = 10).
We will proceed in decreasing number of supercharges. Of course not all numbers lower than 32 are
allowed (for example, if one attempts to construct an N = 7 supergravity theory in 4 dimensions, it
will automatically become N = 8; same for N = 3 SYM.). The theories with N = 24 supercharges are
described in Table 3.
D N GH
6 (2, 1) SU
∗(4)
Sp(2)
5 3 SU
∗(6)
USp(3)
4 6 SO
∗(12)
U(6)
3 12
E7(−5)
SO(12)×SO(3)
Table 3: Supergravity theories with 24 supercharges.
The next allowed theories are those with 20 supercharges, and they only exist in 4 and 3 dimensions,
as shown in Table 4:
D N GH
4 5 SU(1,5)U(5)
3 10
E6(−14)
SO(10)×SO(2)
Table 4: Supergravity theories with 20 supercharges.
The only supergravity theory with 18 supercharges is the 3-dimensional N = 9 theory, with coset
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group F4(−20)/SO(9).
Next we have supergravities with 16 supercharges, i.e. half-maximal theories. These are important
because it is the first time that we allow multiplets not including the graviton. Half-maximal supergravity
can couple to vector multiplets. They consist of a spin 1 field (the vector), N spinors and a number of
scalars, depending on dimension and amount of SUSY. A full description of the content of all SYM vector
multiplets is given in subsection A.3. Note that the maximal allowed number of supercharges for a vector
(also called gauge) multiplet is 16 and they can couple to half-maximal supergravities. In particular, we
will not have gauge multiplets in 11 dimensions. In Table 5, we summarise the symmetries of half-maximal
supergravities coupled to n vector multiplets.
D N GH
10 (1, 0) −
9 1 O(1,n)O(n) ×O(1, 1)
8 1 O(2,n)SO(2)×O(n) ×O(1, 1)
7 1 O(3,n)USp(1)×O(n) ×O(1, 1)
6 (1, 1) O(4,n)SO(4)×O(n) ×O(1, 1)
(2, 0) O(5,n)O(5)×O(n)
5 2 O(5,n)USp(2)×O(n) ×O(1, 1)
4 4 SO(6,n)SU(4)×SO(n)
SU(1,1)
U(1)
3 16 SO(8,n)SO(8)×SO(n)
Table 5: Half-maximal supergravity theories coupled to n vector multiplets
Theories with 12 supercharges exist in D = 3 and D = 4, with coset groups as described in Table 6.
D N GH
4 3 SU(3,n)U(3)×SU(n)
3 6 SU(4,n)SO(6)×U(n)
Table 6: Supergravity theories with 12 supercharges.
The vector multiplets that couple to these should be N = 3 in 4 dimensions and N = 6 in 3 dimensions
however these automatically become N = 4 in 4 dimensions and N = 8 in 3 dimensions when we require
closure of the supersymmetry algebra.
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Theories with 10 supercharges only exist in 3 dimensions. This is the N = 5 supergravity, which can
couple to vector multiplets. The vector multiplets automatically become N = 8 multiplets. The scalar
coset is given by USp(2, n)/(SO(5)× Sp(n)).
Theories with 8 supercharges exist in 4 and 3 dimensions. In 4 dimensions, this is the N = 2 theory.
When we obtain in from squaring in section 3 it comes coupled to a hypermultiplet, with coset group
U(2, 1)/(U(2) × U(1)). It can also couple to vector multiplets, and then the symmetry group will be
SO(2, n− 1)/(SO(2)× SO(n− 1))× SL(2)/SO(2).
Finally, the last theory that is of interest to us will have 4 supercharges, and it is theN = 2 supergravity
in 3 dimensions, obtained by squaring N = 1 SYM, with coset SL(2,R)/SO(2).
For more details on the classification of supergravities, see [72] or [73].
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1.3 Division algebras and spinor representations in various dimensions
1.3.1 Introduction to division algebras
The four normed division algebras: reals R, complexes C, quaternions H and octonions O have histori-
cally been related to spacetime and supersymmetry representations [10,74–115] We will begin with some
definitions. A division algebra is an algebra A with the property:
xy = 0⇒ x = 0 or y = 0, ∀ x, y ∈ A (1.94)
This implies that left and right multiplication are invertible. Note that we need to distinguish between
the two, because we haven’t required the multiplication operation in our algebra to be commutative. A
normed division algebra will have the extra requirement that it is defined on a vector space with admits
a norm:
|xy| = |x||y| (1.95)
We begin with the simplest description of the division algebras. As is well known, a general complex
number can be written as:
z
C
= a+ ib, a, b ∈ R, i2 = −1 (1.96)
A quaternion will have 3 imaginary directions:
z
H
= a0 + a1i+ a2j + a3k
a0, ...a3 ∈ R
i2 = j2 = k2 = −1
ij = −ji = k, and cyclic permutations (i, j, k)
(1.97)
Finally, the octonions can be described by:
z
O
= a0 + a1e1 + ...+ a7e7
a0, a1, ..., a7 ∈ R
e21 = ... = e
2
7 = −1
eiej = −ejei, ∀i 6= j
eiej = ek ⇒ ei+1ej+1 = ek+1
eiej = ek ⇒ e2ie2j = e2k
e1e2 = e4
(1.98)
The above descriptions give us the essential features of the division algebras and are useful in actual
computations, but they are not the most useful for understanding the properties of these algebras and
how they fit within each other. For this we need the Cayley-Dixon construction. We start by defining the
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complex numbers as a pair of real numbers (a, b) with the following properties:
multiplication : (a, b)(c, d) = (ac− db, ad+ cb)
conjugation : (a, b)∗ = (a,−b)
(1.99)
Note that a real number, (a, 0) is unchanged under conjugation - hence the name; complex numbers lose
this property. Next, we can build quaternions as a pair of complex numbers with the following rules:
multiplication : (a, b)(c, d) = (ac− db∗, a∗d+ cb)
conjugation : (a, b)∗ = (a∗,−b)
(1.100)
Note that (1.100) is just a generalisation of (1.99)- if we replace the complex numbers a, b, c, d in (1.100)
with real numbers we get back to (1.99). It is easy to see from above that, upon Dixon doubling C to get
H, we have lost commutativity. Finally the octonions can be built from a pair of quaternions obeying the
rules laid out in (1.100). At each step in the Dixon doubling process, we lose one more property of our
algebra; at this step it means that the octonions will not be associative8. We could take the next step
and define the 32-dimensional sedenions, but it turns out they will no longer be a division algebra - they
have zero divisors. This holds for all future steps, so the procedure ends with the octonions.
The inverse of an element in a division algebra is given by:
(a, b)−1 =
(a, b)∗
|(a, b)|2 (1.101)
and this is easily checked using the first equation in (1.100).
We end with a few general remarks about division algebras. Firstly, as we have seen, O, the largest of
the division algebras, are not associative. They are, however, alternative. This means that the subalgebra
generated by any two elements is associative 9. An alternative algebra satisfies:
(aa)b = a(ab)
(ab)a = a(ba)
(1.102)
for any a, b ∈ A and the associator, defined by:
[a, b, c] = (ab)c− a(bc) (1.103)
will be anti-symmetric in any two of the elements (hence the name “alternative”). It turns out that the
only alternative division algebras are the ones we just introduced above, R, C, H, and O10. They are also
the only normed division algebras. Furthermore, all division algebras (not necessarily normed) must be
8There exist category theory constructions in the context of which the octonions can be regarded as associative and
commutative. See, for example, [116]; they have yet to find applications in physics.
9In general, if the subalgebra generated by any one element is associative, then the algebra is called power-associative.
An algebra where the subalgebra generated by any three elements is associative will itself be associative.
10Of course, alternativity is trivial for R, C, and H. In these cases, the associator simply vanishes.
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of the same dimension as R, C, H, and O, i.e. 1,2,4, and 8.
1.3.2 Clifford algebras
One of the motivations for introducing Clifford algebras is to generalise the multiplicative action of U(1)
on R2 via complex numbers and the action of SU(2) on R3 via quaternions. We are effectively trying to
describe a rotation as a multiplication in a larger algebra. Let’s begin with these two examples. Firstly,
we can identify R2 with C via X = (x, y) → x + iy. An element of U(1) is just a unit complex number
z
C
= a+ ib, where a2 + b2 = 1. Then the action of U(1) on R2 is just just given by multiplication:
z
C
·X = (ax− by, ay + bx) (1.104)
using the first equation in (1.99). Of course, U(1) and SO(2) are isomorphic. Next, R3 can be identified
with the imaginary quaternions via X = (x, y, z)→ ix+jz+kw. An element of SU(2) is a unit quaternion
z
H
= a+ ib+ jc+ kd with a2 + b2 + c2 + d2 = 1. Then the action of SU(2) on R3 is given by:
z
H
·X = zXz−1 = zXz∗ (1.105)
We have a homomorphism from SU(2) to SO(3), with kernel {−1, 1}, so SU(2) is a double cover of
SO(3).
This procedure can be further extended to describing the action of SU(2)×SU(2) on four dimensional
space. We identify R4 with H via X = (u, x, y, z) → u + ix + jz + kw. Each of the SU(2)s is a unit
quaternion z
H
and y
H
. Finally, the action of SU(2)× SU(2) on R4 is given by:
(z
H
, y
H
) ·X = z
H
Xy∗
H
(1.106)
and we have a homomorphism from SU(2) × SU(2) to SO(4), with kernel {(1, 1), (−1,−1)}. Before
describing Clifford algebras, we need to introduce a few concepts. Let V be a vector space. The tensor
algebra of V is defined as:
T (V ) =
⊕
i≥0
V ⊗i (1.107)
We can define a linear map i : V → T (V ). Let A be an any algebra. Then, for any map f : V → A, there
exists a unique homomorphism g from T (V ) to A, such that:
f = g ◦ i (1.108)
This can be described via the diagram:
V
f ""
i // T (V )
g

A
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A lot of interesting algebras are just quotients of the tensor algebra. The symmetric algebra Sym(V )
is just T (V ) modulo the ideal generated by v ⊗ w − w ⊗ v. The exterior algebra ∧(V ) is T (V ) modulo
the ideal generated by v ⊗ v. As we will see, the Clifford algebra can be obtained through a suitable
modification of the exterior algebra.
We are now ready to introduce Clifford algebras. Consider a real vector space V and a quadratic form
q(v) = φ(v, v), where φ is a symmetric bilinear form φ : V × V → R. Then a Clifford algebra is a real
algebra Cl(V, q) together with a linear map iq : V → Cl(V, q), such that11:
(iq(v))
2 = q(v) · 1Cl, ∀v ∈ V (1.110)
The Clifford algebra has the property that, for any algebra A and linear map f : V → A, with (f(v))2 =
q(v) · 1, ∀v ∈ V , then there exists a unique homomorphism g : Cl(V, q)→ A, such that:
f = g ◦ iq (1.111)
and we can describe this via the diagram:
V
f
##
iq // Cl(V, q)
g

A
We see that the Clifford algebra can also be expressed as the quotient T (V )I , where I is the ideal generated
by elements of the form v⊗ v− q(v) · 1. From the polarisation identity, the bilinear form associated with
the quadratic form q is given by:
φ(v, w) =
1
2
(q(v + w)− q(v)− q(u)) (1.112)
Together with (1.110), we then get:
iq(u)iq(v) + iq(v)iq(u) = 2φ(u, v) · 1Cl (1.113)
Let’s look at some examples. First pick V = R, spanned by e1 = 1. Then the Clifford algebra will be
spanned by (1, e1). Assume we have put our quadratic form in ”diagonal form”, so we have:
q(x1e1) = −x21 (1.114)
11We note that in some references the sign is swapped in (1.110), and we have
(iq(v))
2 = −q(v) · 1Cl, ∀v ∈ V (1.109)
A consequence of this different convention is Cl(Rm,n, q)→ Cl(Rn,m, q).
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Then from (1.110) and (1.114) we get:
iq(e1)
2 = −1Cl (1.115)
So we have a bijection:
iq(e1)→ i (1.116)
which means that Cl(R, q) is spanned by (1, i) and thus is isomorphic to C.
Now pick V = R2, spanned by (e1, e2). Then our Clifford algebra is spanned by (1, e1, e2, e1e2). The
quadratic form in diagonal form now looks like:
q(x1e1 + x2e2) = −x21 − x22 (1.117)
Then from (1.110) and (1.117) we get:
iq(e1)
2 = −1
iq(e2)
2 = −1
iq(e1e2)
2 = −1
iq(e1)iq(e2) = −iq(e2)iq(e1)
(1.118)
This means we have the bijection:
iq(e1)→ i
iq(e2)→ j
iq(e1e2)→ k
(1.119)
so Cl(R2, q) is spanned by (1, i, j, k) and thus is isomorphic to H. One can continue this procedure
( [117, 118]) for V = Rn, n > 2 to find the associated Clifford algebras. The results are summarised in
Table 7. Here A[n] denotes n×n matrices with entries in A. For n > 7, we can use Bott periodicity [119]:
Cl(Rn+8, q) ∼= Cl(Rn, q)⊗R[16] (1.120)
Next, we will see that the Clifford algebra is graded. First we introduce the canonical automorphism
α : Cl(V, q)→ CL(V, q), which satisfies:
α(iq(v)) = −iq(v), ∀v ∈ V (1.121)
This is, of course, an involution. Note that the Clifford algebra consists of linear combinations of mono-
mials:
x = x1...xn
= iq(v1)...iq(vn)
(1.122)
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Rn Cl(Rn, q)
R0 R
R1 C
R2 H
R3 H⊕H
R4 H[2]
R5 C[4]
R6 R[8]
R7 R[8]⊕R[8]
Table 7: Clifford algebras Cl(Rn, q)
The canonical automorphism acts on these via:
α(x) = (−1)nx (1.123)
Now we see that the Clifford algebra splits into:
Cl(V, q) = Cl0(V, q)⊕ Cl1(V, q) (1.124)
where
Cli(V, q) = {x ∈ Cl(V, q)|α(x) = (−1)ix}, i = 0, 1 (1.125)
We see for two elements x ∈ Cli(V, q) and y ∈ Clj(V, q), we have xy ∈ Cli+j(mod 2)(V, q), so the Clifford
algebra will have a Z2 grading. Cl
0(V, q) will consist of elements which are products of even number of
factors, while the monomials in Cl1(V, q) are products of odd numbers of factors. Of course, Cl0(V, q) is
a subalgebra of the Clifford algebra, but Cl1(V, q) is not.
We will now compute the dimension of the Clifford algebra. Let V be n-dimensional, with basis
(e1, ...en). Then a basis for Cl(V, q) is given by:
1
iq(e1), iq(e2), ...
iq(e1)iq(e2), iq(e1)iq(e3), ...
...
iq(e1)...iq(en)
(1.126)
where at each step we have
(
n
k
)
basis elements, so the total number, i.e. the dimension of the Clifford
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algebra, is: (
n
0
)
+
(
n
1
)
+ ...+
(
n
n
)
= 2n (1.127)
Next we would like to introduce the notion of the norm in a Clifford algebra. First we define the canonical
antiautomorphism β : Cl(V, q)→ Cl(V, q) via:
β(iq(v)) = iq(v), ∀v ∈ V
β(xy) = β(y)β(x), ∀x, y ∈ Cl(V, q)
(1.128)
and, like the canonical automorphism, this is also an involution. Now we can define conjugation in a
Clifford algebra as:
x¯ = β(α(x)), ∀x ∈ Cl(V, q) (1.129)
Of course, when Cl(V, q) = C,H, this coincides with the usual conjugation of the division algebra elements.
Now we can simply define the norm as:
N(x) = xx¯ (1.130)
and, from the definition of the Clifford algebra and the canonical automorphism and antiautomorphism,
we see that we have:
N(v) = −q(v) · 1Cl (1.131)
1.3.3 Pinors and spinors
We can define the Pin(n) and Spin(n) groups via:
Pin(n) = {x ∈ Cl(Rn, q)|xvx−1 ∈ Rn, ∀v ∈ Rn, N(x) = 1}
Spin(n) = {x ∈ Cl0(Rn, q)|xvx−1 ∈ Rn, ∀v ∈ Rn, N(x) = 1}
(1.132)
If we denote the elements v ∈ Rn with N(v) = 1 by Sn−1, then elements of Pin(n) can be written as
products of elements of Sn−1, while elements of Spin(n) can be written as products of even number of
elements of Sn−1.
It can be shown that we have the following isomorphisms:
Spin(2) = U(1)
Spin(3) ≈ SU(2)
Spin(4) ≈ SU(2)× SU(2)
Spin(5) ≈ Sp(2)
Spin(6) ≈ SU(4)
(1.133)
The representations of the Pin group are summarised in Table 8
Note that the group Pin(n) is a double cover of the orthogonal group O(n). To see this, remember
that the orthogonal group is generated by reflections with respect to the hyperplane perpendicular to
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Rn Cl(Rn, q) irrep
R0 R P0 = R
R1 C P1 = C
R2 H P2 = H
R3 H⊕H P+3 = H, P−3 = H
R4 H[2] P4 = H
2
R5 C[4] P5 = C
4
R6 R[8] P6 = R
8
R7 R[8]⊕R[8] P+7 = R8, P−7 = R8
Table 8: Irreducible representations of Pin(n)
vectors v ∈ Rn. Now we can map both +v and − v ∈ Pin(n) to a single element of O(n)- the one that
reflects about the hyperplane perpendicular to ±v. Similarly, the group Spin(n) will be a double cover
of the group SO(n). Interestingly, we have an isomorphism
ϕ : Cl(Rn−1, q)→ Cl0(Rn, q) (1.134)
given by the map:
ϕ(ei) = eien, i ≤ n− 1 (1.135)
This means that pinor representations in n−1 dimensions are spinor representations in n dimensions, see
Table 9.
Of course Bott periodicity holds for representations as well, so we have:
Pn+8 ∼= Pn ⊗R16
Sn+8 ∼= Sn ⊗R16
(1.136)
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Rn Cl0(Rn, q) irrep
R1 R S1 = R
R2 C S2 = C
R3 H S3 = H
R4 H⊕H S+4 = H, S−4 = H
R5 H[2] S5 = H
2
R6 C[4] S6 = C
4
R7 R[8] S7 = R
8
R8 R[8]⊕R[8] S+8 = R8, S−8 = R8
Table 9: Irreducible representations of Spin(n)
1.3.4 Projective spaces
A projective space in a general dimension is defined to be a set of “points” and “lines” satisfying:
• Any two distinct points have a unique line on which they both lie.
• Any line has at least three points lying on it.
• Take four distinct point M,N,P,Q. If there is a point which lies on both MN and PQ, then there
will also be a point which lies on both MP and NQ.
The points and lines in the above definition are generalised concepts, and are not necessarily referring
to the points and lines in classical geometry. For some field K, we can define the projective space KPn.
Here the “points” are defined as lines through the origin in Kn+1, while the “lines” are planes through
the origin.
It turns out projective spaces give us an intuitive geometric picture of Lie groups and Lie algebras.
We first note that the classical Lie algebras so(n), su(n) and sp(n) are basically the same algebra, just
expressed over different division algebras:
so(n) = {x ∈ R[n]|x† = x, tr(x) = 0}
su(n) = {x ∈ C[n]|x† = x, tr(x) = 0}
sp(n) = {x ∈ H[n]|x† = x}
(1.137)
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and the same holds for their associated Lie groups:
SO(n) = {x ∈ R[n]|x†x = 1, det(x) = 1}
SU(n) = {x ∈ C[n]|x†x = 1, det(x) = 1}
Sp(n) = {x ∈ H[n]|x†x = 1}
(1.138)
Interestingly, these can be described as isometry groups of the projective spaces introduced above. For
the real projective space we have:
Isom(RPn) ∼= O(n+ 1)
O(1)
(1.139)
since O(1) acts trivially on RPn. Then, at the level of the algebra:
isom(RPn) ∼= so(n+ 1) (1.140)
Then, for the complex projective space we can write:
Isomc(CP
n) ∼= U(n+ 1)
U(1)
(1.141)
Note that this time it is only the connected component of the isometry group that we are taking into
account (without complex conjugation). Again, U(1) will act trivially on CPn. The algebra is given by:
isom(CPn) ∼= su(n+ 1) (1.142)
Finally, in the quaternionic case we have:
Isom(HPn) ∼= Sp(n+ 1){±1} (1.143)
Note that it is only {±1} that acts trivially on the quaternionic projective space, and not Sp(1). At the
level of the algebra, we again have:
isom(HPn) ∼= sp(n+ 1) (1.144)
Interestingly, the exceptional group F4 admits a description as the isometry group of the octonionic
projective plane:
Isom(OP2) ∼= F4 (1.145)
and the algebra:
isom(OP2) ∼= f4 (1.146)
To describe the larger exceptional groups, we will need projective planes over tensor products of division
algebras, where at least one of the factors is octonionic. For E6, we need complex numbers and octonions:
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Isom((C⊗O)P2) ∼= E6 (1.147)
and at the level of the algebra:
isom((C⊗O)P2) ∼= e6 (1.148)
Next, to describe E7 we take a tensor product of quaternions and octonions:
Isom((H⊗O)P2) ∼= E7 (1.149)
and at the level of the algebra:
isom((H⊗O)P2) ∼= e7 (1.150)
Finally, the largest of the exceptional groups, E8, is described using a pair of octonions:
Isom((O⊗O)P2) ∼= E8 (1.151)
and at the level of the algebra:
isom((O⊗O)P2) ∼= e8 (1.152)
All the groups presented above will turn out in the description of the U-dualities of various supergravity
theories in section 3.
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1.4 Superfield formalism and transformations for SYM and supergravity
1.4.1 Grassmann variables and the general scalar superfield
In the superfield formulation of SUSY theories12, in addition to the space-time coordinates xµ, we intro-
duce a pair of non-commuting (Grassmanian) coordinates, η and η¯. Due to the anti-commutativity, any
expansion in a single Grassmann variable will terminate after the second term:
f(η) = f0 + f1η (1.153)
We define integration such that ∫
dη := 0 and
∫
dηη := 1 (1.154)
This make integration identical to differentiation for functions of Grassman variables,∫
dηf(η) =
∫
dη(f0 + f1η) = f1 =
df
dη
(1.155)
and will be very useful in writing supersymmetric Lagrangians. For N = 1, we will extend our regular
space-time with spinors of Grassmann numbers (ηα and η¯α) and , writing η
2 := ηαηα and η¯α˙η¯
α˙ we will
make use of ∫
d2ηd2η¯ η2η¯2 = 1 (1.156)
in writing Lagrangians.
Instead of space-time dependent fields Φ(xµ), we now work with superfields S(xµ, η, η¯). The action of the
momentum and SUSY operators on the superfield is given by:
Pµ = −i∂µ (1.157)
Qα = −i ∂
∂ηα
− (σµ)αβ˙ η¯β˙
∂
∂xµ
(1.158)
Q¯α˙ = i
∂
∂η¯α˙
+ ηβ(σµ)βα˙
∂
∂xµ
(1.159)
Using the properties of the Grassmann variables, we can expand the superfield:
S(xµ, η, η¯) =ϕ(x) + ηψ(x) + η¯χ¯(x) + η2M(x) + η¯2N(x) + (ησµη¯)Vµ(x)
+ η2η¯λ¯(x) + η¯2ηρ(x) + η2η¯2D(x)
(1.160)
12See [120] for a more detailed description.
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and we can read off the transformations of the component fields:
δϕ = ψ + ¯χ¯
δψ = 2M + σµ¯(i∂µϕ+ Vµ)
δχ¯ = 2¯N − σµ(i∂µϕ− Vµ)
δM = ¯λ¯− i
2
∂µψσ
µ¯
δN = ρ+
i
2
σµ∂µχ¯
δVµ = σµλ¯+ ρσµ¯+
i
2
(∂νψσµσ¯ν− ¯σ¯νσµ∂νχ¯)
δλ¯ = 2¯D +
i
2
(σ¯νσµ¯)∂µVν + iσ¯
µ∂µM
δρ = 2D − i
2
(σν σ¯µ)∂µVν + iσ
µ¯∂µN
δD =
i
2
∂µ(σ
µλ¯− ρσµ¯)
(1.161)
One can impose various restrictions on the general superfield to reduce it to superfields describing physical
theories. We describe the most common ones below.
1.4.2 The chiral superfield
The action of the SUSY generators in (1.158) and (1.159) justifies the introduction of covariant derivatives:
Dα := ∂α + i(σ
µ)αβ˙ η¯
β˙∂µ and D¯α˙ := −∂¯α˙ − iηβ(σµ)βα˙∂µ (1.162)
. These allow us to consistently restrict the general superfield to:
• Chiral, such that:
D¯α˙Φ = 0 (1.163)
• Antichiral, such that:
DαΦ¯ = 0 (1.164)
It is easiest to describe the chiral superfield by changing coordinates;
yµ := xµ + iησµη¯ (1.165)
Then D¯α˙Φ(x, η, η¯) = 0 gives the most general form of the chiral superfield as:
Φ(y, η) = ϕ(y) +
√
2ηψ(y) + η2F (y) (1.166)
45
Not that the components are just the fields of the off-shell chiral multiplet. Writing it in terms of xµ, we
get:
Φ(x, η, η¯) =ϕ(x) +
√
2ηψ(x) + η2F (x) + iησµη¯∂µϕ(x)
− i√
2
η2∂µψ(x)σ
µη¯ − 1
4
η2η¯2∂2ϕ(x)
(1.167)
It is now straightforward to write down an action for the chiral multiplet in terms of these superfields:
S =
∫
d4xd2ηd2η¯ 2Φ¯Φ (1.168)
We can also describe interaction via a superpotential term:∫
d2ηW (Φ) +
∫
d2η¯W¯ (Φ¯) (1.169)
where W (Φ) is at most cubic in the superfield.
1.4.3 The (real) vector superfield and Wess-Zumino gauge
Another condition we can impose on superfields is reality: V (x, η, η¯) = V¯ (x, η, η¯). The most general form
of a superfield satisfying this is:
V (x, η, η¯) =C(x) + iηχ(x)− iη¯χ¯(x) + i
2
η2(M(x) + iN(x))− i
2
η¯2(M(x)− iN(x))
+ ησµη¯Vµ(x) + iη
2η¯(−iλ¯(x) + i
2
σ¯µ∂µχ(x))− iη¯2η(iλ(x)− i
2
σµ∂µχ¯(x))
+
1
2
η2η¯2(D(x)− 1
2
∂2C(x))
(1.170)
The novelty is that one of the components is now a vector, hence justifying the name vector superfield.
It turns out we can describe a gauge transformation of the vector superfield using chiral superfields. Of
course, we need to take the real part:
(Λ + Λ¯)(x, η, η¯) =(ϕ+ ϕ¯)(x) + ηψ(x) + η¯ψ¯(x) + η2F (x) + η¯2F¯ (x) + iη¯σ¯µη∂µ(ϕ+ ϕ¯)(x)
− i
2
η2η¯σµ∂µψ(x)− i
2
η¯2ησµ∂µψ¯(x) +
1
4
η2η¯2(ϕ+ ϕ¯)(x)
(1.171)
Noticing that the vector component of Λ + Λ¯ is indeed a derivative suggests the following gauge transfor-
mation for the vector superfield:
V → V − (Λ + Λ¯) (1.172)
We can use the above transformation to fix the gauge and set C = χ = M = N = 0. In this gauge (called
the Wess-Zumino gauge), the vector superfield takes the much simpler form:
VWZ(x, η, η¯) = ησ
µη¯Vµ(x) + η
2η¯λ¯(x) + η¯2ηλ(x) +
1
2
η2η¯2D(x) (1.173)
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Its components describe the fields of an N = 1 vector multiplet. In order to write the Lagrangian kinetic
term for a vector field, we usually define the gauge invariant field strength Fµν . Analogously, we define:
Wα := −1
4
D¯2DαV (1.174)
In components (using the redefinition yµ := xµ + iησµη¯), we have:
Wα(y, η) = λα(y) + ηαD(y) + (σ
µνη)αFµν(y)− iη2(σµ)αβ˙∂µλ¯β˙(y) (1.175)
Note that for non-abelian gauge theories, such as SYM, the field strength is defined as:
Wα := −1
8
D¯2e−2VDαe2V (1.176)
This reduces to (1.174) for G = U(1).
Finally, the kinetic term of the action is given by:∫
d2ηTrWαWα + c.c. (1.177)
1.4.4 The supergravity superfield
The minimal supergravity theory in 4 dimensions has multiple off-shell completions. We will describe
the superfield formulation of the so-called new minimal supergravity, introduced in [121]. The fields are
contained inside a real vector superfield φµ
13:
φµ(x, η, η¯) =Cµ(x) + ηχµ(x) + η¯χ¯µ(x) + η
2Fµ(x) + η¯
2F¯µ(x) + η¯σ
νη(hµν +Bµν)(x)
− iη2η¯(ψ¯µ − 1
2
σν∂νχµ)(x) + iη¯
2η(ψµ +
1
2
σν∂νχµ)(x) +
1
2
η2η¯2(Vµ +
1
2
∂2Cµ)(x)
(1.178)
Its local transformations are given by:
δφµ = ∂µφ+ Sµ + S¯µ (1.179)
where φ is a general scalar superfield, Sµ is chiral and S¯µ is anti-chiral. Using (1.179), we can pick a
gauge which eliminates Cµ, χµ and Fµ and we are left with the fields of new-minimal supergravity: the
physical graviton hµν and gravitino ψµ plus the auxiliary two-form Bµν and vector Vµ, with the expected
bosonic transformations:
δhµν = ∂µξν + ∂νξµ
δBµν = ∂µΛν − ∂νΛµ
δψµ = ∂µη
δVµ = ∂µθ
(1.180)
13Note that there is a slight naming ambiguity between subsubsection 1.4.3, where what we call the ”vector superfield” is
just a real scalar superfield containing a vector field. In the present case, the superfield itself has a Lorenz index. Both are
referred to as ”vector” throughout the literature.
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In order to derive the SUSY transformations we need to apply a compensating gauge transformation in
order to stay in the imposed gauge. We find that we recover the transformations of [61]14:
δ(hµν +Bµν) = −4i¯γνψµ
δψµ = − i
4
γνλ∂νgλµ + γ5Vµ − γ5Hµ − i
2
γµνγ5H
ν
δVµ = −¯γµγνλγ5∂νψλ
(1.181)
where Hµ = (?dB)µ.
In order to write the Lagrangian, we construct the real linear superfield15, invariant under the local gauge
transformation (1.179):
Eµ =
1
2
µρλνD¯σ
ρD∂λφν (1.182)
In components, this is:
Eµ(x, η, η¯) =− 2vµ(x)− 2iηRµ(x) + 2iη¯R¯µ(x) + η¯σνη(Eνµ + ∂λFλνµ + ?Fνµ)(x)
− η2η¯σν∂νRµ(x) + η¯2ησν∂νR¯µ(x) + 1
2
η2η¯2∂2vµ
(1.183)
with components:
Fµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν
vµ =
1
3!
µνρλF
νρλ
ψµν = ∂µψν − ∂νψµ
Rµ =
1
4
σνψρλ
Fµν = ∂µAν − ∂νAµ ? Fµν = 1
2
µνρλF
ρλ
(1.184)
The Riemann tensor in linearised gravity is:
Rµνρλ = −∂µ∂ρhνλ − ∂ν∂ρhµλ + ∂µ∂λhνρ − ∂ν∂λhµρ (1.185)
and then:
Eµν = Rµν − 1
2
gµνR (1.186)
The action is then simply:
S =
∫
d2ηd2η¯φµE
µ (1.187)
Another multiplet which is invariant under (1.179) is the Riemann multiplet:
Rµνα = −1
8
D¯2Dα(∂µφν − ∂νφµ) (1.188)
14For neatness, we have repackaged the transformations in terms of the Gamma matrices rather than the Pauli matrices
used in (1.178)
15A real linear superfield L satisfies D2L = 0 and L = L†
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whose component expansion
Rµν =
1
2
ψµν +
i
2
η2σρ∂ρψ¯µν − i
2
ηFµν − i
4
σρληR(B)ρλµν (1.189)
contains the torsionfull Riemann tensor:
R(B)ρλµν = Rρλµν − ∂µFνρλ + ∂νFµρλ (1.190)
The quantities described above, and their transformations, will be obtained from products of SYM
superfields in section 2.
1.4.5 On-shell superspace in extended SUSY
In section 3 we will be studying tensor products of all possible SYM theories in 3 < D < 10. For many of
these, and in particular for the maximal ones, the off-shell closure of the SUSY algebra in as yet unknown.
This forces us to work with on-shell states, rather than off-shell fields. Is is also convenient to work in
momentum, rather than position space. As an example, let’s look at the maximal gauge theory in 4
dimensions, N = 4 SYM. Its spectrum consists of the following states: 1 gluon (g±, with helicity ±1), 4
gluinos (λA and λABC , with helicity ±12) and 6 scalars (SAB, with helicity 0). Here A,B,C are indices
of the SU(4) R-symmetry representation.
In order to collect all these states in a superfield formalism, we must allow our superspace coordinates to
transform as representations of the R-symmetry group, so we have:
Φ(p, ηA) = g
+(p) + ηAλ
A(p)− 1
2!
ηAηBS
AB(p)− 1
3!
ηAηBηCλ
ABC(p) + η1η2η3η4g
−(p) (1.191)
Note that this is a chiral superfield, rather than a the real one that we used to describe the off-shell N = 1
SYM in (1.173). The SUSY operators defined in (1.158) and (1.159) become16:
qAa = [p|a ∂
∂ηA
q†a˙A = |p〉a˙ηA
(1.192)
In the off-shell formalism, we used different types of superfields to describe gauge multiplets (real scalar
superfield) and gravity multiplets (the real vector superfield). In the on-shell momentum space language,
their states are both contained in chiral superfields17 To see this, let’s look at the description of the
maximal supergravity theory in 4 dimensions, N = 8. The states are: the graviton (h±, with helicity
±2), 8 gravitini (ψA and ψABCDEFG, with helicity ±32), 28 gravi-photons (V AB and V ABCDEF , with
helicity ±1), 56 gravi-photinos (χABC and χABCDE), and 70 scalars SABCD. Here, A,B,C... are SU(8)
16Note that, for simplicity, we are using the notation of the spinor-helicity formalism, described in subsection 4.1.
17Indeed this description of the two theories, particularly in the spinor-helicity formalism, emphasizes their similarities
more than the classical Lorentz covariant description. This might be one of the reasons while much of the progress with the
double copy idea has been made in the context of scattering amplitudes, which uses this language extensively.
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indices. Then our gravitational superfield has a similar form to the gauge superfield:
Φ(p, ηA) = h
+(p) + ηAψ
A(p)− 1
2
ηAηBV
AB(p) + ...+ η1η2η3η4η5η6η7η8h
−(p) (1.193)
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2 Local symmetries from squaring
We will be working in the linearised approximation:
gµν = ηµν + hµν (2.1)
where indices are raised and lowered with the Minkowski metric ηµν . Note that we are also working in
the linearised approximation on the SYM side, so that the non-abelian part of the gauge transformation
will be global.
2.1 Toy Model
Previous attempts at getting the local symmetries from squaring have seemed to suggest that it cannot
work in the context of supergravity (one must resort to the underlying string theory). In [1], we introduced
two new ideas to overcome this: the use of a convolution and the introduction of a spectator scalar
field. We illustrate these through a toy problem: in the linearised approximation, can one obtain the
diffeomorphism transformations of the graviton
δhµν = ∂µξν + ∂νξµ (2.2)
from the gauge transformations of a vector field:
δAµ = ∂µσ (2.3)
via a suitable dictionary? For simplicity, we take a Maxwell, rather than a SYM field for now, so that
non-abelian gauge symmetries are absent. Much of the squaring literature suggest the following dictionary
for the fields:
hµν = A(µ(L)⊗Aν)(R) (2.4)
However, this makes it impossible to find a dictionary for the transformation parameters. We can see
that the obvious choice ξµ =
1
2(σ(L)Aµ(R) + σ(R)Aµ(L)), would only work if the tensor product didn’t
obey the Leibniz rule. In [11,12], it is proposed that the failure to derive the local transformations is due
to the fact that supergravity is just an effective field theory for strings. One resorts to KLT relations in
string theory [9] when calculations in supergravity break down, in particular modding out the 0 modes
takes care of the Leibniz rule. We found that one can make sense of the squaring within the context of
supergravity, provided we use a convolution, rather than a tensor product:
hµν = A(µ(L) ? Aν)(R) (2.5)
The convolution is defined by
[f ? g](x) =
∫
d4yf(y)g(x− y). (2.6)
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and, crucially, it doesn’t obey the Leibniz rule:
∂µ(f ? g) = (∂µf) ? g = f ? (∂µg) (2.7)
It is now easy to verify that, via the parameter dictionary ξµ =
1
2(σ(L) ? Aµ(R) + σ(R) ? Aµ(L)), we
have derived the gravitational transformation rules from gauge transformations in our limited model. We
will see in the next chapter that this extends to all local bosonic and fermionic transformations in more
complicated models.
A notable feature of this approach is the loss of locality- indeed if we wanted to write the gravitational
Lagrangian in terms of the SYM fields, as defined in (2.5), we find the we would get non-local terms in
the Lagrangian. Interestingly, there are hints of similar results in the scattering literature. A proposal by
Bern, Carrasco and Johansson [15] states that we can rearrange the kinematic factors of SYM scattering
amplitudes to make them obey the same identities as the colour factors (essentially the Jacobi identity
and anti-symmetry properties). When written in this form, it becomes straightforward to obtain the
gravity amplitudes as double copies by replacing the colour factors with a second set of kinematic factors.
Of course, these rearranged amplitudes do not follow from the Feynman rules for the usual Lagrangian.
Attempt to modify the Lagrangians in order to obtain the BCJ amplitudes directly have lead to the
introduction of vanishing non-local terms [17]: squaring seems to reveal structures that were invisible to
the traditional Lagrangian.
Note that the convolution also tells us something quite fundamental about what squaring YM really
is, or, more exactly, where it should happen. The convolution theorem states that the Fourier transform
of a convolution is equal to the product of the Fourier transforms:
F [f ? g] = F [g] · F [f ] (2.8)
This implies that product in momentum space becomes convolution in position space. We can now
take equation (2.5) and Fourier transform to get to momentum space:
hµν(p) = A(µ(L)(p) ·Aν)(R)(p) (2.9)
This tells us that the squaring structure is really manifest in momentum space, and it becomes the
more complicate convolution in position space.
What about the gauge indices? If indeed we are working with super Yang-Mills, rather than super-
Maxwell theories, then our gauge fields will transform in some representation of the non-abelian gauge
group. For full generality, we allow each of our theories to have a different gauge group GL/R. We then
postulate that for SYM, the dictionary takes the form:
hµν = A
i
(µ(L) ? φii′ ? A
i′
ν)(R) (2.10)
where we have introduced the spectator scalar φii′ , transforming in the bi-adjoint of GL × GR. This
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scalar appears in the scattering literature [22, 23] as the ”zeroth copy” of the BCJ procedure (instead of
replacing the colour factors with kinematic ones to get gravity, we replace the kinematic factors with a
second set of colour factors and get our bi-adjoint scalar). We have also introduced a double convolution
- this will not modify any of our previous results, because convolution is associative:
(f ? g) ? h = f ? (g ? h) (2.11)
2.2 N=1 Minimal Supergravity
We can now apply the new ideas to a real theory. The simplest non-trivial example is N = 1 supergravity
in D = 4, obtained by tensoring the (4 + 4) off-shell NL = 1 Yang-Mills multiplet (Aµ(L), χ(L), D(L))
with the (3 + 0) off-shell NR = 0 multiplet Aµ(R). Interestingly enough, this yields the new-minimal
formulation of N = 1 supergravity [61] with its 12+12 multiplet (eaµ, ψµ, Vµ, Bµν).
For conciseness, it is useful to work with superfields. The new-minimal formulation of N = 1 super-
gravity is described by a superfield ϕµ [121,122]
ϕµ =Cµ + θχµ + θ¯χ¯µ + θ
2Fµ + θ¯
2F¯µ + θ¯σ
νθ(hνµ +Bνµ)
+
1
2
θ¯2θ2(Vµ +
1
2
∂2Cµ)− iθ2θ¯(ψ¯µ − 1
2
σ · ∂χµ) + iθ¯2θ(ψµ + 1
2
σ · ∂χµ)
(2.12)
transforming at linearised level separately under local transformations with chiral parameter Sµ and real
parameter φ and under global super-Poincare´ with parameters a, λ, :
δϕµ = Sµ + S¯µ + ∂µφ+ δ(a,λ,)ϕµ (2.13)
where
δ(a,λ,)F = (aP + λM + Q+ ¯Q¯)F. (2.14)
The supergravity action invariant under the above transformation is written by defining:
Eµ =
1
2
µρλνD¯σρD∂λφν (2.15)
and then:
S =
∫
d2ηd2η¯φµE
µ (2.16)
See subsubsection 1.4.4 for more details.
We shall now derive (2.13) by tensoring left and right Yang-Mills multiplets. The left supermultiplet
is described by a vector superfield V i(L)
V i = vi + θχi + θ¯χ¯i + θ2f i + θ¯2(f∗)i + θ¯σ¯µθAiµ
+ iθ2θ¯(λ¯i +
1
2
σ¯ · ∂χi)− iθ¯2θ(λi + 1
2
σ · ∂χ¯i) + 1
2
θ2θ¯2(Di +
1
2
∂2vi)
(2.17)
transforming at the linearised level separately under local Abelian gauge transformations with parameter
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Λi(L), non-Abelian global GL transformations with parameter θ
i(L) and global super-Poincare´:
δV i(L) = Λi(L) + Λ¯i(L) + f ijkV
j(L)θk(L) + δ(a,λ,)V
i(L). (2.18)
Similarly the right Yang-Mills field Aν
i′(R) transforms separately under local Abelian gauge transforma-
tions with parameter σi
′
(R), non-Abelian global GR transformations with parameter θ
i′(R) and global
Poincare´:
δAν
i′(R) = ∂νσ
i′(R) + f i
′
j′k′Aν
j′(R)θk
′
(R) + δ(a,λ)Aν
i′(R). (2.19)
The spectator bi-adjoint scalar field transforms under non-Abelian global GL×GR and global Poincare´:
δΦii′ = −f j ikΦji′θk(L)− f j′ i′k′Φij′θk′(R) + δaΦii′ . (2.20)
The gravitational symmetries are reproduced here from those of Yang-Mills by invoking the gravity/Yang-
Mills dictionary:
ϕµ = V
i(L) ? Φii′ ? Aµ
i′(R)
φ = V i(L) ? Φii′ ? σ
i′(R)
Sµ = Λ
i(L) ? Φii′ ? Aµ
i′(R)
(2.21)
Noting that the structure constant terms cancel, the variation
δϕµ = δV
i(L) ? Φii′ ? Aµ
i′(R) + V i(L) ? δΦii′ ? Aµ
i′(R) + V i(L) ? Φii′ ? δAµ
i′(R), (2.22)
gives
δϕµ = [Λ
i(L) + Λ¯i(L) + δ(a,λ,)V
i(L)] ? Φii′ ? Aµ
i′(R)
+ V i(L) ? δaΦii′ ? Aµ
i′(R) + V i(L) ? Φii′ ? [∂µσ
i′(R) + δ(a,λ)Aµ
i′(R)]
= Sµ + S¯µ + ∂µφ+ δ(a,λ,)ϕµ
(2.23)
in agreement with (2.13). To make contact with the component formalism we go to Wess-Zumino
(WZ) gauge. As usual one applies a supergauge transformation with a field dependent chiral param-
eter Λi(L)|WZ to reduce V i(L) to the canonical off-shell super-Yang-Mills multiplet,
V i(L)|WZ = −θσµθ¯Aµi(L) + iθ2θ¯χ¯i(L)− iθ¯2θχi(L) + 1
2
θ¯2θ2Di(L), (2.24)
leaving only the standard (Abelian) gauge transformations δAµ
i(L) = ∂µσ
i(L) unfixed.
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In this gauge the dictionary (2.21) leaves three non-zero components,
Zµν ≡ hµν +Bµν = Aµi(L) ? Φii′ ? Aνi′(R)
ψν = χ
i(L) ? Φii′ ? Aν
i′(R)
Vν = D
i(L) ? Φii′ ? Aν
i′(R),
(2.25)
which correspond to the conventional new-minimal multiplet. However, we must still check consistency
with the parameter dictionary given in (2.21). Applying the chiral supergauge transformation,
Sµ|WZ = Λi(L)|WZ ? Φii′ ? Aµi′(R), (2.26)
implied by the WZ gauge fixing of V i(L) consistently reduces the new-minimal superfield ϕµ to pre-
cisely the three components determined by the field dictionary (2.25). The remaining vector supergauge
parameter,
φ|WZ = V i(L)|WZ ? Φii′ ? σi′(R) (2.27)
is then comprised of only the required local gauge transformations. Explicitly δϕµ|WZ = ∂µφ|WZ gives
δZµν = ∂ναµ(L) + ∂µαν(R),
δψµ = ∂µη,
δVµ = ∂µΛ,
(2.28)
where
αµ(L) = Aµ
i(L) ? Φii′ ? σ
i′(R),
αν(R) = σ
i(L) ? Φii′ ? Aν
i′(R),
η = χi(L) ? Φii′ ? σ
i′(R),
Λ = Di(L) ? Φii′ ? σ
i′(R),
(2.29)
illustrating how the local gravitational symmetries of general covariance, 2-form gauge invariance, local
supersymmetry and local chiral symmetry follow from those of Yang-Mills.
To preserve the WZ gauge, the supersymmetry transformation of V i(L) is accompanied by a field
dependent compensating supergauge transformation
δWZ V
i(L) = δV
i(L) + ΛiWZ(L) + Λ¯
i
WZ(L). (2.30)
This leads to a gravitational compensating supergauge transformation via the dictionary,
δWZ ϕµ = δϕµ + S
WZ
µ + S¯
WZ
µ , (2.31)
which consistently preserves the WZ gauge choice imposed on ϕµ. We now wish to make contact with
the description of new-minimal supergravity found in the literature [61]. The Lagrangian describing the
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dynamics of the fields is:
L = 1
4
gµνEµν + 2i
µνρλψ¯µγνγ5∂ρψλ − 3BµBµ + 4VµBµ (2.32)
where
Eµν =
1
2
(∂µ∂
λgνλ + ∂ν∂
λgµλ −gµν − ηµν∂ρ∂λgρλ + ηµνgρρ − ∂µ∂νgρρ) (2.33)
and Bµ is the dual of the 2-form Bµν :
Bµ =
1
4
µνρλ∂νBρλ (2.34)
By making a field redefinition
Vµ → Vµ +Bµ (2.35)
and shifting the gauge parameters
η → η + i
8
γµνBµν,
Λ→ Λ + ¯γλγ5ψλ
(2.36)
we recover from the dictionary the component supersymmetry variation of [61],
δWZ Zµν = −4i¯γνψµ,
δWZ ψµ = − i4γkλ∂kgλµ + γ5Vµ − γ5Hµ − i2γµνγ5Hν ,
δWZ Vµ = −¯γµγκλγ5∂κψλ.
(2.37)
See subsection A.1 for details of the calculation.
2.3 Other Products
New-minimal supergravity also admits an off-shell Lorentz multiplet (Ωµab
−, ψab,−2Vab+). The definition
of this multiplet in terms of new minimal component fields (eaµ, ψµ, Bµν , Vµ) can be found in [123]. It may
also be described by a vector superfield Vab transforming at the linearised level as
δVab = Λab + Λ¯ab + δ(a,λ,)Vab. (2.38)
This may also be derived by tensoring the left Yang-Mills superfield V i(L) with the right Yang-Mills field
strength F abi
′
(R) using the dictionary
Vab = V i(L) ? Φii′ ? F abi′(R),
Λab = Λi(L) ? Φii′ ? F
abi′(R).
(2.39)
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The corresponding Riemann tensors including torsion terms, as defined in [123], are given by
R+µνρσ = −Fµνi(L) ? Φii′ ? Fρσi
′
(R) = R−ρσµν . (2.40)
This is easily seen from
R+µνρσ = Rµνρλ(h)− ∂ρFλµν + ∂λFρµν (2.41)
where
Rµνρλ(h) = −∂µ∂ρhνλ + ∂ν∂ρhµλ + ∂µ∂λhνρ − ∂ν∂λhµρ (2.42)
and
Fµνρ = 3!∂[µBνρ] (2.43)
so that
R+µνρσ = −∂µ∂ρZνλ + ∂ν∂ρZµλ + ∂µ∂λZνρ − ∂ν∂λZµρ
= −Fµνi(L) ? Φii′ ? Fρσi′(R)
(2.44)
An interesting observation is that the Yang-Mills equations in Lorenz gauge (∂µA
µ = 0):
Aµ = 0 (2.45)
imply Einstein’s equations in De Donder gauge (∂µhµν − 12∂νh = 0):
(hµν − 1
2
ηµνh) = 0 (2.46)
where h = hµµ.
Just as convoluting the off-shell Yang-Mills multiplets (4 + 4,NL = 1) and (3 + 0,NR = 0) yields the
12 + 12 new-minimal off-shell N = 1 supergravity, so we expect that convoluting the off-shell general
multiplet (8 + 8,NL = 1) and (3 + 0,NR = 0) yields the 24 + 24 non-minimal off-shell N = 1 supergravity
[124,125].
Note that convoluting (4 + 4,NL = 1) and (4 + 4,NR = 1) yields the 32 + 32 minimal off-shell N = 2
supergravity [126–129]. The latter would involve Ramond-Ramond bosons from the product of left and
right fermions. The minimal N = 2 supergravity consists of physical fields (the graviton gµν , 2 gravitini
ψµ and a vector field Bµ) and auxiliary fields (2 spinors χ and ϕ, 2 pseudoscalars + 1 scalar contained in
W β, the axial vector W a, 2 axial vectors Aα and Aβ, the vectors Vµ and Kµ, the anti-symmetric pseudo-
tensor Wµν , a scalar K and a pseudoscalar K
5). A description of the Lagrangian and transformations is
found in [126]. These fields can be obtained by tensoring 2 N = 1 SYM off-shell multiplets, as shown in
Table 10
57
A˜µ
(3)
χ˜
(4)
φ˜
(1)
Aµ
(3)
gµν + Wµν
(6) + (3)
Ψ1µ
(12)
Kµ
(3)
χ
(4)
Ψ2µ
(12)
Aα + Aβ + W a + Bµ + W
β + K5
(3) + (3) + (3) + (3) + (1 + 1 + 1) + (1)
χ
(4)
φ
(1)
Vµ
(3)
ϕ
(4)
K
(1)
Table 10: Off-shell (N = 1)SYM × (N = 1)SYM = (N = 2)sugra The off-shell d.o.f of each field are shown
in brackets.The physical fields are in red.
In analogy with subsubsection 4.2.4, we will find that in the Ramond-Ramond sector it is the field
strengths, rather than the vectors themselves that are obtained from squaring.
2.4 Conclusions
Clearly two interesting lines of future development would be to generalise our results to the full non-linear
transformation rules and to address the issue of dynamics as well as symmetries. Dynamics requires gauge-
fixing and the inclusion of (anti)ghosts in the dictionary [11,12]. According to [11,12] the 12+12 multiplet
splits into an 8 + 8 conformal supergravity multiplet plus a 4 + 4 conformal tensor multiplet,(
5 + 3 + 1 + 3
4 + 2 + 4 + 2
)
︸ ︷︷ ︸
new-minimal
→
(
5 + 3
4 + 4
)
︸ ︷︷ ︸
conformal
+
(
3 + 1
2 + 2
)
︸ ︷︷ ︸
tensor
(2.47)
in terms of SO(3) representations. Since the left (anti)ghost is a chiral superfield the ghost-antighost sector
gives a compensating 4 + 4 chiral (dilaton) multiplet [11, 12], yielding old-minimal 12 + 12 supergravity
[130, 131] coupled to a tensor multiplet, which, with the conventional 2-derivative Lagrangian, correctly
corresponds to the on-shell content obtained by tensoring left/right helicity states.
We might speculate that the supergravity ϕµ, the left Yang-Mills V
i(L), the right Yang-Mills Aµ
i′(R)
and the spectator Φii′ live in different worlds with their own Lagrangians. In this case the n-point
correlation functions would factorize:
〈ϕµ1 ...ϕµn〉 = 〈V i1(L) ? Φi1i′1 ? Aµ1 i
′
1(R)...V in(L) ? Φini′n ? Aµn
i′n(R)〉
= 〈V i1(L)...V in(L)〉 ? 〈Φi1i′1 ...Φini′n〉 ? 〈Aµ1 i
′
1(R)...Aµn
i′n(R)〉
(2.48)
(Note that the alternative dictionary Φii
′
? ϕµ = V
i(L) ? Aµ
i′(R) would impose unacceptably strong
constraints on the Yang-Mills fields.) One might then expect to find relations between spin s scattering
amplitudes M(s) of the kind discussed in the double-copy literature [23] in the context of BCJ kine-
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matic/color duality [15–18]:
M(2) = M(1)M−1(0)M ′(1),
M(32) = M(
1
2)M
−1(0)M ′(1),
M(1) = M(12)M
−1(0)M ′(12).
(2.49)
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3 Global symmetries from squaring
3.1 Introduction
Particularly important in the context of M-theory are the non-compact global symmetries of supergravity
[132], which are intimately related to the concept of U-duality [133, 134]. In this case, we showed in [4]
that tensoring two D = 3, N = 1, 2, 4, 8 super Yang-Mills multiplets results in a “Freudenthal magic
square of supergravity theories”, as summarised in Table 11. The corresponding Lie algebras of Table 11
are concisely summarised by the magic square formula [4, 135],
L3(ANL ,ANR) := tri(ANL)⊕ tri(ANR) + 3(ANL ⊗ANR), (3.1)
which takes as its argument a pair of division algebrasANL ,ANR = R,C,H,O, where we have adopted the
convention that dimAN = N . The triality algebra of A, denoted tri(A), is related to the total on-shell
global symmetries of the associated super Yang-Mills theory [113]. This rather surprising connection,
relating the magic square of Lie algebras to the square of super Yang-Mills, can be attributed to the
existence of a unified AN = R,C,H,O description of D = 3, N = 1, 2, 4, 8 super Yang-Mills theories.
ANL\ANR R C H O
N = 2, f = 4 N = 3, f = 8 N = 5, f = 16 N = 9, f = 32
R G = SL(2,R) G = SU(2, 1) G = USp(4, 2) G = F4(−20)
H = SO(2) H = SO(3)× SO(2) H = SO(5)× SO(3) H = SO(9)
N = 3, f = 8 N = 4, f = 16 N = 6, f = 32 N = 10, f = 64
C G = SU(2, 1) G = SU(2, 1)2 G = SU(4, 2) G = E6(−14)
H = SO(3)× SO(2) H = SO(3)2 × SO(2)2 H = SO(6)× SO(3)× SO(2) H = SO(10)× SO(2)
N = 5, f = 16 N = 6, f = 32 N = 8, f = 64 N = 12, f = 128
H G = USp(4, 2) G = SU(4, 2) G = SO(8, 4) G = E7(−5)
H = SO(5)× SO(3) H = SO(6)× SO(3)× SO(2) H = SO(8)× SO(3)× SO(3) H = SO(12)× SO(3)
N = 9, f = 32 N = 10, f = 64 N = 12, f = 128 N = 16, f = 256
O G = F4(−20) G = E6(−14) G = E7(−5) G = E8(8)
H = SO(9) H = SO(10)× SO(2) H = SO(12)× SO(3) H = SO(16)
Table 11: (N = NL + NR)-extended D = 3 supergravities obtained by tensoring left/right super Yang-Mills multiplets
with NL,NR = 1, 2, 4, 8. The algebras of the corresponding U-duality groups G and their maximal compact subgroups H
are given by the magic square of Freudenthal-Rosenfeld-Tits [6–8]. f denotes the total number of degrees of freedom in the
resulting supergravity and matter multiplets.
We generalised this observation to D = 3, 4, 6 and 10 dimensions [5, 113] by incorporating the well-
known relationship between the existence of minimal super Yang-Mills theories in D = 3, 4, 6, 10 and the
existence of the four division algebras R,C,H,O [78, 82, 96, 103, 136]. From this perspective the D = 3
magic square forms the base of a “magic pyramid” of supergravities. These constructions build on a long
line of work relating division algebras and magic squares to spacetime and supersymmetry [10,74–115].
Can one do squaring beyond D = 3, 4, 6, 10 ? One possible hint comes from the ”magic supergravities”
of Gunaydin-Sierre-Townsend [79, 80], which use a different version of the magic square construction to
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describe theories in 3, 4 and 5 dimensions.
However, we aimed to give a description which works consistently in all 3 ≤ D ≤ 10. We will
consider all tensor products of left NL-extended and right NR-extended super Yang-Mills multiplets in
D = 3, . . . , 10 dimensions and introduce three formulae describing the global symmetries of the resulting
(NL +NR)-extended supergravity multiplets [2]:
1. The algebra ra(NL +NR, D) of (NL +NR)-extended R-symmetry in D dimensions,
ra(NL +NR, D) = a(NL,D)⊕ a(NR,D) +D[NL,NR]; (3.2)
2. The algebra h(NL +NR, D) of H, the maximal compact subgroup of the U-duality group G,
h(NL +NR, D) = [sa(NL,D)⊕ pL]⊕ [sa(NR,D)⊕ pR]⊕ δD,4u(1) +D[NL,NR]; (3.3)
3. The algebra g(NL +NR, D) of the U-duality group G itself,
g(NL+NR, D) = h(NL+NR, D)+D∗[NL]⊗D∗[NR]+D[NL,NR]+RL⊗RR+δD,4RL⊗RR. (3.4)
Here we have used ⊕ and + to distinguish the direct sum between Lie algebras and vector spaces;
only if [m, n] = 0 do we use m ⊕ n. The meaning of these formulae and, in particular, their relation to
the symmetries of the left and right super Yang-Mills factors, will be described in subsection 3.4. For
the moment we simply note that they make the left/right structure manifest and uniform for all NL,NR
and D and, as we shall see, each summand appearing in the three formulae has a natural left ⊗ right
origin. The groups H and G corresponding to (3.3) and (3.4) are given in the generalised pyramids of
Figure 1 and Figure 2, respectively. For these groups, the formulae presented above can be regarded as
generalised “matrix models”, in the sense of [135] (not to be confused with (M)atrix models), for classical
and exceptional Lie algebras. Our model make no use of the octonions. However, it has the advantage,
from our perspective, that it describes systematically all groups obtained by squaring super Yang-Mills
and, moreover, makes the left and right factors manifest.
For NL +NR half-maximal or less the super Yang-Mills tensor products yield supergravity multiplets
together with additional matter multiplets, as described in subsection A.3. They may always be obtained
as consistent truncations or, in many cases, factorised orbifold truncations of the maximally supersym-
metric cases, as in [26]. The type, number and coupling of these multiplets is fixed with respect to (3.3)
and (3.4). However, as we shall describe in subsection 3.6, by including a non-supersymmetric factor in
the tensor product these matter couplings may be generalised to include an arbitrary number of vector
multiplets (thus clearly not truncations). This procedure naturally yields analogous formulae for h and
g, corresponding to specific couplings. The nature of these couplings is in a certain sense as simple as
possible. This follows from the symmetries assumed, which may be regarded as a consequence of simple
interactions, to be present in the non-supersymmetric factor of the tensor product.
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3.2 Tensoring super Yang-Mills theories in D ≥ 3
Tensoring NL-extended and NR-extended super Yang-Mills multiplets, [NL]V and [NR]V , yields an (NL+
NR)-extended supergravity multiplet, [NL +NR]grav,
[NL]V ⊗ [NR]V → [NL +NR]grav + [NL +NR]matter, (3.5)
with additional matter multiplets, [NL +NR]matter, for [NL +NR]grav half-maximal or less. See subsec-
tion A.3.
We consider on-shell space-time little group super Yang-Mills multiplets with global symmetry algebra
so(D − 2)ST ⊕ int(N , D), (3.6)
where int(N , D) denotes the global internal symmetry algebra of the Lagrangian. For so(D − 2)ST the
tensor products are so(D − 2)ST -modules, while for int(NL, D) and int(NR, D) they are int(NL, D) ⊕
int(NR, D)-modules. Very schematically, the general tensor product is given by,
⊗ A˜ν λ˜a′ φ˜i′
Aµ gµν +Bµν + φ ψ
a′
µ + λ
a′ Ai
′
µ
λa ψaν + λ
a φaa
′
RR + · · · λai
′
φi Aiν λ
ia′ φii
′
(3.7)
where a, i and a′, i′ are indices of the appropriate int(NL, D) and int(NR, D) representations, respectively.
Note, we will always dualise p-forms to their lowest possible rank consistent with their little group repre-
sentations, for example, Bµν → φ,Aµ in D = 4, 5, respectively. This ensures U-duality is manifest. The
particular set of Ramond-Ramond p-forms φaa
′
RR + · · · one obtains is dimension dependent.
The detailed form of these tensor products for D > 3 are summarised in subsection A.3, where for a
given little group representation we have collected the int(NL, D) ⊕ int(NR, D) representations into the
appropriate representations of h(NL + NR, D). For example, consider the square of the D = 5,N = 2
super Yang-Mills multiplet, which has global symmetry algebra so(3)ST ⊕ sp(2),
⊗ A˜µ
(3; 1)
λ˜
(2; 4)
φ˜
(1; 5)
Aµ (3; 1) (5; 1,1) + (3; 1,1) + (1; 1,1) (4; 1,4) + (2; 1,4) (3; 1,5)
λ (2; 4) (4; 4,1) + (2; 4,1) (3; 4,4) + (1; 4,4) (2; 4,5)
φ (1; 5) (3; 5,1) (2; 5,4) (1; 5,5)
(3.8)
On gathering the spacetime little group representations in (3.8), the int(2, 5) ⊕ int(2, 5) = sp(2) ⊕ sp(2)
representations they carry may be combined into irreducible h(4, 5) = sp(4) representations, as illustrated
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by their decomposition under sp(4) ⊃ sp(2)⊕ sp(2):
(5; 1)→ (5; 1,1),
(4; 8)→ (4; 4,1) + (4; 1,4),
(3; 27)→ (3; 1,1) + (3; 5,1) + (3; 1,5) + (3; 4,4),
(2; 48)→ (2; 4,1) + (2; 1,4) + (2; 4,5) + (2; 5,4),
(1; 42)→ (1; 1,1) + (1; 4,4) + (1; 5,5).
(3.9)
We begin with the simple relationship between the R-symmetry algebras of supergravity and its
generating super Yang-Mills factors. While somewhat trivial this example introduces much of the notation
and concepts needed later for the H and G algebras.
R-symmetry is defined here as the automorphism group of the supersymmetry algebra. Its action on
the N -extended supersymmetry generators Q is given schematically by
[TA, Qa] = (UA)a
bQb, a, b = 1, . . . ,N . (3.10)
The R-symmetry algebra is fixed by the reality properties of the minimal spinor representation in D
mod 8 dimensions. See, for example, [137].
Making use of the super-Jacobi identities, it can be shown that the UA’s form a representation of
the algebra so(N ), u(N ), sp(N ) for Q real, complex, quaternionic (pseudoreal), respectively. Note, since
R-symmetry commutes with the Lorentz algebra, only the reality properties of the spinor representation
and N are relevant. Consequently, we may associate a (direct sum of) division algebra(s), denoted D, to
every dimension, as given in Table 12, which will then dictate the R-symmetry algebra. The identification
of D for each D = 3, . . . , 10 follows from the close relationship between Clifford and division algebras.
For a survey of this important correspondence see [96,117] and the references therein.
D Cliff(D − 3) ∼= Cliff0(D − 2) D D − 2 spinor representation∼= D − 3 pinor representation R-symmetry algebra
10 R[8]⊕R[8] R+ ⊕R− R8 ⊕R8 so(N+)⊕ so(N−)
9 R[8] R R8 so(N )
8 C[4] C C4 u(N )
7 H[2] H H2 sp(N )
6 H[1]⊕H[1] H+ ⊕H− H⊕H sp(N+)⊕ sp(N−)
5 H[1] H H sp(N )
4 C[1] C C u(N )
3 R[1] R R so(N )
Table 12: The Clifford (sub)algebras, D, spinor representation and R-symmetry algebra for dimensions D = 3, . . . , 10.
For a unital algebra A let A[m,n] denote the set of m × n matrices with entries in A. When m = n
we will also write A[n]. For D = 3, . . . , 10 the Euclidean Clifford algebra Cliff(D − 3) can be mapped
to the (direct sum of) matrix algebras A[n], as given in Table 12. Up to equivalence, the unique non-
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trivial irreducible representations18 of A[n] and A[n] ⊕ A[n] are An and An ⊕ An, respectively. These
representations restrict to the pinors of Pin(D − 3), the double cover of O(D − 3), as it is generated by
the subset of unit vectors in RD−3. There is a canonical isomorphism from Cliff(D− 3) to Cliff0(D− 2),
where Cliff0(m) denotes the subalgebra generated by products of an even number of vectors in R
m.
Since Spin(D − 2), the double cover of the spacetime little group, sits inside Cliff0(D − 2) as the set of
all elements that are a product of an even number of unit vectors in RD−2, the pinors of Pin(D − 3)
are precisely the spinors of Spin(D − 2), as given in Table 12. The supersymmetry algebra generators,
Q, transform according as these representations under Spin(D − 2). Hence, we may identify D as the
appropriate algebra for each spacetime dimension D. Note that in dimensions 6 and 10 the direct sum
structure of D corresponds to the existence of N = (N+,N−) chiral theories.
Let us now briefly recall some of the standard relations between R,C,H and the classical Lie algebras.
Denote by a(n,A) the set of anti-Hermitian elements in A[n],
a(n,A) := {x ∈ A[n] : x† = −x}. (3.12)
Using the standard matrix commutator these constitute the classical Lie algebras
a(n,A) =

so(n), A = R;
u(1)⊕ su(n), A = C;
sp(n), A = H.
(3.13)
Let sa(n,A) denote their special subalgebras:
sa(n,R) := {x ∈ A[n] : x† = −x} = so(n);
sa(n,C) := {x ∈ A[n] : x† = −x, tr(x) = 0} = su(n);
sa(n,H) := {x ∈ A[n] : x† = −x} = sp(n).
(3.14)
The seemingly undemocratic definition of sa(n,A) follows naturally from the geometry of projective spaces
since
Isom(APn−1) ∼= sa(n,A) (3.15)
forA = R,C,H. In the octonionic case only OP1 and OP2 constitute projective spaces with Isom(OP1) ∼=
so(8) and Isom(OP2) ∼= f4(−52), reflecting their exceptional status.
It then follows that the N -extended R-symmetry algebras in D dimensions, denoted ra(N , D), are
given by
ra(N , D) = a(N ,D), (3.16)
18Note that in subsection A.3 we work with the more familiar complex representations. However for D = 5, 6, 7 one could
map from a complex to a quaternionic representation via,(
1 0
0 1
)
→ 1,
(
i 0
0 i
)
→ i,
(
0 −1
1 1
)
→ j,
(
0 −i
−i 0
)
→ k, and
(
a
b
)
→ q, (3.11)
for a, b ∈ C and q ∈ H.
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where for N = (N+,N−), as is the case for D = 6, 10, we have used the definition
D[(N+,N−)] := D+[N+]⊕D−[N−]. (3.17)
Since D[m,n] ∼= Dm⊗Dn forms a natural (but not necessarily irreducible) representation of a(m,D)⊕
a(n,D), it follows quite simply that the (NL +NR)-extended R-symmetry algebra is given by the NL and
NR R-symmetry algebras via
ra(NL +NR, D) = a(NL +NR,D) = a(NL,D)⊕ a(NR,D) +D[NL,NR]. (3.18)
The commutators for elements XL ∈ a(NL,D), XR ∈ a(NR,D) and M,N ∈ D[NL,NR] are given by
[XL,M ] = XLM ∈ D[NL,NR],
[XR,M ] = −MXR ∈ D[NL,NR],
[M,N ] = (NM † −MN †)⊕ (N †M −M †N) ∈ a(NL,D)⊕ a(NR,D).
(3.19)
These commutation relations follow from the standard matrix commutators of
X =
(
XL 0
0 XR
)
+
(
0 M
−M † 0
)
, (3.20)
where X ∈ a(NL +NR,D).
Note, as a a(NL,C) ⊕ a(NR,C)-module C[NL,NR] is not irreducible. For example, in the maximal
D = 4 case it corresponds to the (4,4) + (4,4) representation of su(4)⊕ su(4) ∼= sa(4,C)⊕ sa(4,C). The
formula (3.18) and its commutators (3.19) amount to the well-known statement that the pairs [so(p +
q), so(p)⊕ so(q)], [su(p+ q), su(p)⊕ su(q)⊕u(1)] and [sp(p+ q), sp(p)⊕ sp(q)] constitute type I symmetric
spaces.
From the perspective of the left/right tensor product, a(NL,D) ⊕ a(NR,D) is generated directly by
the R-symmetries of the left and right factors acting on QL and QR independently. However, together
they form an irreducible doublet (QL, QR) ∈ DNL ⊕ DNR (suppressing the spacetime little group spinor
representation space), which must be rotated by an a(NL,D) ⊕ a(NR,D)-module. The most general
consistent subset of End(DNL ⊕ DNR) is given by D[NL,NR], which completes (3.18) as is made clear
by (3.20). In the sense to be described in subsection 3.3, these additional elements can be generated by
QL ⊗QR ∈ D[NL,NR] by formally neglecting its little group representation space.
It follows from [4] that for D = 3 the R-symmetry algebras admit an alternative Freudenthal magic
square description. Recall that the U-duality groups in D = 3 form the Freudenthal Magic square given
by
L3(AL,AR) = tri(ANL)⊕ tri(ANR) + 3(ANL ⊗ANR)
= derANL ⊕ derJ3(ANR) + ImANL ⊗ J03(ANR),
(3.21)
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where der denotes the derivation algebra, J3(A) is the Jordan algebra of 3 × 3 Hermitian matrices over
A and J03(A) is its traceless subspace. See for example [96]. One can generalise this construction for any
rank of the Jordan algebra Jn(A),
Ln(ANL ,ANR) = derANL ⊕ derJn(ANR) + ImANL ⊗ J0n(ANR), (3.22)
where for n > 3 we must exclude the octonionic case [135]. The supergravity R-symmetry algebras in
D = 3 are given by n = 2,
L2(ANL ,ANR) = derANL ⊕ derJ2(ANR) + ImANL ⊗ J02(ANR) = so(NL +NR). (3.23)
3.3 H algebras
With this construction in mind we turn our attention now to the algebra h of the maximal compact
subgroup H ⊂ G and, in particular, how it is built from the global symmetries of the left and right super
Yang-Mills theories.
We will write h(NL +NR, D) in terms of int(NL, D) and int(NR, D). First, note that int and h have a
similar structure; they are both given by sa(N ,D), possibly with an additional commuting factor, which
we denote by p. Explicitly, from Table 13 we observe,
int(N , D) = sa(N ,D)⊕ p, (3.24)
where p = u(1), u(1), so(2), so(3) for D = 4,N = 1, 2 and D = 3,N = 2, 4, respectively, and is empty
otherwise. In D = 4 these additional factors follow from the inclusion of the CPT conjugate, whereas in
D = 3 they appear on dualising the gauge field into a scalar, which also enhances so(7) → so(8) in the
maximally supersymmetric case.
The commuting factors of the left and right super Yang-Mills theories are inherited in the tensor
product and, hence, the resulting h also contains a commuting19 pL ⊕ pR. The algebras h(NL +NR, D)
presented in subsection A.3 are consequently given by
h(NL +NR, D) = int(NL, D)⊕ int(NR, D)⊕ δD,4u(1) +D[NL,NR]
= [sa(NL,D)⊕ pL]⊕ [sa(NR,D)⊕ pR]⊕ δD,4u(1) +D[NL,NR]
=
[
sa(NL,D)⊕ sa(NR,D)⊕ δD,4u(1) +D[NL,NR]
]⊕ pL ⊕ pR
= sa(NL +NR,D)⊕ pL ⊕ pR,
(3.25)
where the non-trivial commutators are those given in (3.19). The term
[sa(NL,D)⊕ pL]⊕ [sa(NR,D)⊕ pR] (3.26)
19Note that in 3 dimensions we could also work in the conventions of [4]. Here the fields of the N = 1, 2, 4, 8 super
Yang-Mills belong to AN = R,C,H,O. Then p = so(2) = u(1) is generated by i and so(3) = sp(1) is generated by i, j, k, the
imaginary unit quaternions, which will act naturally on the other terms in (3.1). We do not adopt this convention here and
work with real generators for so(2) and so(3) in D = 3.
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Figure 1: Pyramid of maximal compact subgroups H ⊂ G. The amount of supersymmetry is determined by the horizontal
axes. The spacetime dimension is determined by the division algebra D on the vertical axis as given in Table 12.
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D Q = 16 Q = 8 Q = 4 Q = 2
N int N int N int N int
10 1 ∅ − − −
9 1 ∅ − − −
8 1 u(1) − − −
7 1 sp(1) − − −
6
(1, 1) sp(1)⊕ sp(1) (1, 0) sp(1)⊕∅ − −
(2, 0) sp(2)⊕∅ (1, 0) sp(1)⊕∅ − −
5 2 sp(2) 1 sp(1) − −
4 4 su(4) 2 su(2)⊕ u(1) 1 u(1) −
3 8 so(7) 4 so(4) 2 so(2) 1 ∅
3∗ 8 so(8) 4 so(4)⊕ so(3) 2 so(2)⊕ so(2) 1 ∅
Table 13: The internal global symmetry algebras int(N , D) of super Yang-Mills theories in D ≥ 3. In D = 6
we have included the (2, 0) and (1, 0) tensor multiplets. Note, for D = 3∗ we have dualised the vector yielding
an enhanced symmetry, int(N , 3) = tri(AN ) for AN = R,C,H,O. For interacting Lagrangians this symmetry is
reduced to the intermediate algebra int(AN ) := {(A,B,C) ∈ tri(AN )|A(1) = 0}, which gives ∅, so(2), so(4), so(7)
for AN = R,C,H,O, respectively. The enhanced tri(AN ) symmetry is recovered in the infrared limit. Note, while
in general the R-symmetry algebra ra(N , D) and the internal global symmetry algebra int(N , D) coincide, there
are several exceptions such as su(4) versus u(4) for D = 4,N = 4.
follows directly from the left and right super Yang-Mills symmetries. It acts on the gravitini ψL and ψR in-
dependently in the defining representation, since the left and right gauge potentials AL/R are int(NL/R, D)
singlets. However, as for the supersymmetry charges, the gravitini are collected into an irreducible doublet
(ψL, ψR), which is rotated by D[NL,NR], and hence transform in the defining representation of
sa(NL +NR,D) = sa(NL,D)⊕ sa(NR,D)⊕ δD,4u(1) +D[NL,NR]. (3.27)
The corresponding pyramid of H groups, which generalises the magic H pyramid of [5], is presented in
Figure 1.
While the D[NL,NR] component of h is implied by consistency, one might also more ambitiously ask
whether it can be directly generated by elementary operations acting on the left and right super Yang-
Mills fields in same way int(NL, D) ⊕ int(NR, D) ⊂ h obviously is. Having already used all left/right
bosonic symmetries, only the left/right supersymmetry generators remain. The conventional infinitesimal
supersymmetry variation of the left⊗right states correctly gives the infinitesimal supersymmetry variation
on the corresponding supergravity states [1,12,20]. Seeking, instead, internal bosonic transformations on
the supergavity multiplet that follow from supersymmetry on the left and right Yang-Mills multiplets
suggests starting from the rather unconventional tensor product of the left and right supercharges, Q⊗ Q˜.
That this might work, at least formally, follows from the observation
Q ∈ DN ⇒ Q⊗ Q˜ ∈ DNL ⊗DNR ∼= D[NL,NR], (3.28)
where we are explicitly suppressing the spacetime indices.
Adopting the spinor-helicity formalism (see subsection 4.1), a simple concrete example sufficient to
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illustrate the principle is given by the 4 + 4 positive helicity gravitini states of D = 4,N = 8 supergravity,
ψa+ = λ
a
+ ⊗ A˜+, ψa
′
+ = A+ ⊗ λ˜a
′
+ , (3.29)
where a, a′ = 1, . . . , 4 are the 4 of su(4)L and su(4)R, respectively. Defining Qa− = −αQaα and Q+a =
−α˙Qα˙a , the relevant super Yang-Mills transformations are
Q+a A+(p) = 0, Q
+
a λ
b
+ = 〈p〉δbaA+(p),
Qa−A+(p) = [p]λa+(p), Qa−λb+ = [p]φ[ab](p).
(3.30)
Applying these to (3.29) we obtain
[Q+a ⊗ Q˜a
′
− ]ψb+ = [Q+a λb+] ⊗ [Q˜a
′
−A˜] = [p]〈p〉δbaA+ ⊗ λ˜a
′
+ = [p]〈p〉δbaψa
′
+ ,
[Q+a ⊗ Q˜a
′
− ]ψb
′
+ = [Q
+
a A+] ⊗ [Q˜a
′
− λ˜b
′
] = 0,
[Qa− ⊗ Q˜+a′ ]ψb+ = [Qa−λb+] ⊗ [Q˜+a′A˜] = 0,
[Qa− ⊗ Q˜+a′ ]ψb
′
+ = [Q
a−A+] ⊗ [Q˜+a′ λ˜b
′
] = [p]〈p〉δb′a′λa+ ⊗ A˜+ = [p]〈p〉δb
′
a′ψ
a
+,
(3.31)
which, up to the factors of [p]〈p〉, is precisely the action of the su(8) generators belonging to D[NL,NR]
on the positive helicitly gravitini states valued in DNL ⊕ DNR , for D = NL/R = 4, or, in a perhaps
more familiar language, the action of generators in the (4,4) + (4,4) component of su(8) acting on the
8 = (4,1) + (1,4) representation.
Thus, formally suppressing the spacetime components of the supercharges (and parameters) provides a
definition of the elementary transformations acting on the left and right states, which correctly reproduces
the action of h on their tensor product. More concretely, we have
Qa− =
∫
d3p
(2pi)32Ep
[p]
[
−λa+(A+)† + φ[ab](λb+)† + 2λb−(φ[ab])† −A−(λa−)†
]
, (3.32)
which ensures the correct action of the supersymmetry operator with non-trivial equal time (anti)commutation
relations:
[A±(p), A
†
±(q)] = (2pi)
32Epδ
3(~p− ~q),
{λa±(p), λ†b±(q)} = (2pi)32Epδ3(~p− ~q)δab ,
[φ[ab](p), φ[cd](q)] = (2pi)
32Epδ
3(~p− ~q)δ[ab][cd] ,
(3.33)
where φ[ab] = 14!ε
abcdφ[cd]. The operators QL ⊗ QR generating D[NL,NR] are then defined by simply
dropping the [p] factors in this representation of Q. For example:
QL
a
∓ :=
∫
d3p
(2pi)32Ep
[
−λa±(A±)† + φ[ab](λb±)† + 2λb∓(φ[ab])† −A∓(λa∓)†
]
(3.34)
and similarly for the remaining Q’s.
One can check this construction gives the correct action on the rest of the N = 8 multiplet and
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generalises to any dimension and number of supercharges. Note that in higher dimensions, where the
little group is larger than u(1), the tensor product of two super Yang-Mills states typically yields a direct
sum of supergravity states; to pick a specific component we need to project out the desired representation.
To find the action of QL ⊗ QR on a state, we first act on the tensor product which contains it, and
then project out the state we want. Returning to our maximal D = 5 example (described in (3.8)
and subsection A.3), we see that the gravitini states live in the (4; 1,4) + (4; 4,1) representation of
so(3)ST ⊕ sp(2) ⊕ sp(2). Focusing on the (4; 1,4) states, we see that they are obtained by a projection
of Aµ ⊗ λ˜ = (3; 1) ⊗ (2; 4) = (4; 1,4) + (2; 1,4). Then each of the QL and QR , both living in (2; 4) of
so(3)ST ⊕ sp(2) will act individually on the factors in our product, yielding (4; 4,1) + (2; 4,1) + (2; 4,5).
Projecting out the gravitini, we find that the (4; 1,4) states have been rotated into (4; 4,1) states.
Finally, δD,4u(1) is one of the Cartan generators of the su(n) algebra and will act accordingly on the other
generators.
3.4 G algebras
The non-compact U-duality algebras of the supergravity theories appearing in the pyramid, Figure 2,
can be built straightforwardly using the tensor product of the left and right super Yang-Mills multiplets.
Recall, the scalars of supergravity coupled to matter generated by squaring parametrise a G/H coset and
Tp(G/H) ∼= p = g 	 h. They therefore carry the p-representation of H. Consequently, the non-compact
generators p, in a manifest int(NL, D) ⊕ int(NR, D) basis, can be read off from those tensor products
which yield scalars, which are schematically given by:
Aµ ⊗ A˜ν , λa ⊗ λ˜a′ , φi ⊗ φ˜i′ . (3.35)
To recast this observation into the language used for h(NL,NR,D), we summarise here the corresponding
division algebraic characterisation of the (D,N ) super Yang-Mills multiplet (Aµ, λa, φi):
1. Aµ: The gauge potential is a sa(N ,D) singlet valued in R.
2. λa: The N gaugini transform in the defining representation of sa(N ,D) and are valued in DN .
3. φi: The Q/2 − (D − 2) scalars span a subspace D∗[N ] ⊆ D[N ] since they are quadratic in the
supersymmetry charges valued in DN acting on the gauge potential states.
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Figure 2: The U-duality group G in all dimensions.
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These subspaces D∗[N ] are summarised here:
D/Q 16 8 4
10
a((1, 0),R+ ⊕R−) ∼= ∅
∅ ⊆ R+[1]
− −
9
a(1,R) ∼= ∅
1 ∼= R ⊆ R[1]
− −
8
a(1,C) ∼= u(1)
(+2) + (−2) ∼= C ⊆ C[1]
− −
7
a(1,H) ∼= sp(1)
3 ∼= ImH ⊆ H[1]
− −
6
a((1, 1),H+ ⊕H−) ∼= sp(1)⊕ sp(1)
(2,2) ∼= H ⊆ H+[1]⊕H−[1]
a((1, 0),H+ ⊕H−) ∼= sp(1)
∅ ⊆ H+[1]
−
5
a(2,H) ∼= sp(2)
5 ∼= J02(H) ⊆ H[2]
a(1,H) ∼= sp(1)
1 ∼= ReH ⊆ H[1]
−
4
a(4,C) ∼= u(4)
60 ∼= ∧2∗C4 ⊆ C[4]
a(2,C) ∼= u(2)
12 + 1−2 ∼= ∧2C2 ∼= C ⊆ C[2]
a(1,C) ∼= u(1)
∅ ⊆ C[1]
Here we have listed for each (D,Q) the R-symmetry algebra a(N ,D), the a(N ,D)-representation n
carried by the scalar fields and the corresponding representation space D∗[N ] ⊆ D[N ]. The perhaps
less familiar cases involving H are given in subsection A.2. Note, J02(H) is the space of traceless 2 × 2
Hermitian matrices over H.
In maximal Q = 16 cases this description can be easily connected back to the more familiar language
of Pauli matrices (intertwiners). The n = 10 − D scalars transform in the vector representation Vn of
sa(N ,D) ∼= spin(10 − D). There is a natural inclusion Vn ↪→ EndR(DN ) ∼= D[N ] which implies that
the scalars span a subspace D∗[N ] ⊂ D[N ]. As a vector space D∗[N ] is spanned by the spin(n) Pauli
matrices since Spin(n) ⊂ Cliff0(n) ∼= Cliff(n − 1) ∼= D[N ]. The non-maximal cases are contained in
D∗[N ] ⊂ D∗[Nmax] subspaces.
Each component of p decomposed with respect to int(NL, D)⊕int(NR, D) then has a direct left⊗right
origin in terms of (3.35) expressed in terms of the above representation spaces:
1. Aµ ⊗ A˜ν : The scalars originating from AL ⊗ AR belong to RL ⊗RR ∼= so(1, 1). In D = 4, there is
an extra RL ⊗ RR term originating from the dualisation Bµν → φ. This contributes to p a term
given by:
RL ⊗RR + iδD,4RL ⊗RR. (3.36)
2. λa ⊗ λ˜a′ : The scalars originating from λL ⊗ λR contribute a term given by
DNL ⊗DNR ∼= D[NL,NR]. (3.37)
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3. φi ⊗ φ˜i′ : The scalars originating from φL ⊗ φR contribute a term given by
D∗[NL]⊗D∗[NR]. (3.38)
Bringing these elements together, we conclude that in total g as a vector space is given by:
g(NL +NR, D) = h(NL +NR, D) +D∗[NL]⊗D∗[NR] +D[NL,NR] +RL ⊗RR + δD,4RL ⊗RR. (3.39)
In (3.42) we present a set of commutators which define a Lie algebra structure on (3.39), giving
precisely the algebras of the generalised U-duality pyramid in Figure 2. To describe the complete set of
commutators we use the left/right form of h ⊂ g given in (3.25),
g(NL +NR, D) =
[
sa(NL,D)⊕ sa(NR,D)⊕ δD,4u(1) +D[NL,NR]c
]
⊕ pL ⊕ pR
+D∗[NL]⊗D∗[NR] +D[NL,NR]nc +RL ⊗RR + iδD,4RL ⊗RR,
(3.40)
where we have distinguished the compact D[NL,NR]c and non-compact D[NL,NR]nc. The non-trivial
commutators amongst the compact generators have been given in (3.19). For the generators,
Compact Non-compact
XL ⊕XR ∈ sa(NL,D)⊕ a(NR,D) γ, δ ∈ RL ⊗RR + iδD,4RL ⊗RR
M,N ∈ D[NL,NR]c P,Q ∈ D[NL,NR]nc
m⊗ p, n⊗ q ∈ D∗[NL]⊗D∗[NR]
(3.41)
the non-trivial commutators (omitting those already presented for the compact subalgebra) are given by
[XL ⊕XR, P ] = (XLP − PXR) ∈ D[NL,NR]nc (3.42a)
[XL ⊕XR,m⊗ p] = (XLm−mX∗L)⊗ p+m⊗ (XRp− pX∗R) ∈ D∗[NL]⊗D∗[NR] (3.42b)
[M,γ] = γM ∈ D[NL,NR]nc (3.42c)
[M,P ] = (M ∧ P |∗, tr(MP )) (3.42d)
∈ D∗[NL]⊗D∗[NR] +RL ⊗RR + iδD,4RL ⊗RR
[M,m⊗ p] = −2p∗M †m ∈ D[NL,NR]nc (3.42e)
[P, γ] = γP ∈ D[NL,NR]c (3.42f)
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[P,Q] = (−PQ† +QP †)⊕ (Q†P − P †Q) (3.42g)
∈ sa(NL,D)⊕ sa(NR,D)⊕ δD,4u(1)
[P,m⊗ p] = 2mPp∗ ∈ D[NL,NR]c (3.42h)
[m⊗ p, n⊗ q] = (mn† − nm†) tr(pq†)⊕ (pq† − qp†) tr(mn†) (3.42i)
∈ sa(NL,D)⊕ a(NR,D)
Note, for the sake of brevity we have reincorporated the D = 4, u(1) factor back into XL and XR, which
therefore have equal and opposite traces. Moreover, leaving aside D = 3 for the moment, the only non-
vanishing α⊕ β ∈ pL ⊕ pR occur in D = 4, the u(1) factors of N = 2, 1. See Table 13. Simply regarding
XL/R as tracefull generators belonging to a(NL/R) automatically accounts for their action.
In three dimensions the formula can be simplified by “dualising” the AL ⊗ AR contributions into
φL⊗φR terms. We no longer have the RL⊗RR term from tensoring the gauge fields, it is combined into
a second R[NL,NR]nc factor resulting the simplified D = 3 formula,
g(NL +NR) = h(NL,NR) + 2R[NL,NR]nc, (3.43)
together with a simplified set of commutation relations [5].
3.5 Commutators table
It will be interesting to have a physical intuition of squaring. We can see from subsection 3.3 and
subsection 3.4 that we can schematically write the formula for g as20:
g =[intL ⊕ intR +QL ⊗QR]
+ λa ⊗ λ˜a′ + φi ⊗ φ˜i′ +Aµ ⊗ A˜ν
(3.44)
In Table 14 we present schematically the commutators of the terms in the formula (3.44). In some loose
sense, each of these terms has either a “bosonic” (φi ⊗ φ˜i′ , Aµ ⊗ A˜ν and also intL/R) or a “fermionic”
(QL ⊗QR and λa ⊗ λ˜a′) character. Interestingly, the commutation relations between the different types
of terms will be similar to those of a graded algebra:
[b, b] ∈ b
[b, f ] ∈ f
[f, f ] ∈ b
(3.45)
20Note that the two extra factors in D = 4 can be absorbed into the terms already presented in (3.44): the extra u1 in h
can be absorbed in intL or intR, effectively converting su(n) → u(n) and will have the same commutation relation with the
other terms; the other extra u(1) comes from dualising the two-form Bµν into a scalar in 4 dimensions, will act on all the
other terms the same way as the Aµ ⊗ A˜ν term.
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intL intR QL ⊗QR λa ⊗ λ˜a′ φi ⊗ φ˜i′ Aµ ⊗ A˜ν
intL intL 0 QL ⊗QR λa ⊗ λ˜a′ φi ⊗ φ˜i′ 0
intR 0 intR QL ⊗QR λa ⊗ λ˜a′ φi ⊗ φ˜i′ 0
QL ⊗QR QL ⊗QR QL ⊗QR intL ⊕ intR φ
i ⊗ φ˜i′
Aµ ⊗ A˜ν λ
a ⊗ λ˜a′ λa ⊗ λ˜a′
λa ⊗ λ˜a′ λa ⊗ λ˜a′ λa ⊗ λ˜a′ φ
i ⊗ φ˜i′
Aµ ⊗ A˜ν intL ⊕ intR QL ⊗QR QL ⊗QR
φi ⊗ φ˜i′ φi ⊗ φ˜i′ φi ⊗ φ˜i′ λa ⊗ λ˜a′ QL ⊗QR intL ⊕ intR 0
Aµ ⊗ A˜ν 0 0 λa ⊗ λ˜a′ QL ⊗QR 0 0
Table 14: Physical commutators table
3.6 Generalised Pyramid
Theories with more general matter content do not naturally live in our pyramid, mainly because they lack
an obvious division algebraic description. For example, the STU model is given by N = 2 supergravity in
four dimensions coupled to three vector multiplets, while the entry for N = 2 in our pyramid necessarily
comes coupled to a single hypermultiplet. Can squaring accommodate more general matter couplings? All
factorized orbifold projections (as defined in [26]) of N = 8 supergravity can be obtained from the tensor
product of the corresponding left and right orbifold projections of N = 4 super Yang-Mills multiplets [26].
This includes a large, but still restricted, class of matter coupled supergravities with specific U-dualities.
Theories coupled to an arbitrary number of vector multiplets can be obtained by tensoring a super-
symmetric multiplet with a conveniently chosen collection of bosonic fields. In particular, here we consider
an NR = 0 multiplet with a single gauge potential and nV scalar fields. The symmetries of the resulting
supergravity multiplet are determined by the global symmetries postulated for the NR = 0 multiplet. We
consider the simplest case where the nV scalar fields transform in the vector representation of a global
SO(nV ). Following the procedure used to construct the generalised pyramid this uniquely fixes the global
symmetries of the resulting supergravity multiplet and therefore, implicitly, the structure of the matter
couplings. This idea is developed in the following section. We summarise the results21 in Table 15.
21Note that we have excluded N = 1 theories in four dimensions. It is not possible to obtain N = 1 supergravity coupled
to only vector multiplets by squaring since one always obtains at least one chiral multiplet when tensoring N = 1 SYM with
a non-supersymmetric multiplet. The same applies to N = (1, 0) supergravity in 6 dimensions. These theories are interesting
in their own right and will be analysed in forthcoming work [138].
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theory squaring formula RL RR
G
H
D = 3
(N = 8)SuGra + nv(N = 8)vector (N = 8)V × [nV φ] Spin(8) SO(nV ) SO(8,nV )SO(8)×SO(nV )
(N = 4)SuGra + nv(N = 4)vector (N = 4)V × [nV φ] Spin(4) SO(nV ) SO(4,nV )SO(4)×SO(nV )
(N = 2)SuGra + nv(N = 2)vector (N = 2)V × [nV φ] Spin(2) SO(nV ) SO(2,nV )SO(2)×SO(nV )
(N = 1)SuGra + nv(N = 1)vector (N = 1)V × [nV φ] ∅ SO(nV ) SO(1,nV )SO(nV )
D = 4
(N = 4)SuGra + nv(N = 4)vector (N = 4)V × [Aµ + nV φ] SU(4) SO(nV ) SO(6,nV )SO(6)×SO(nV ) ×
SL(2)
SO(2)
(N = 2)SuGra + nv(N = 2)vector (N = 2)V × [Aµ + (nV − 1)φ] U(2) SO(nV − 1) SU(2)×SO(2,nV −1)U(2)×SO(nV −1) ×
SL(2)
SO(2)
D = 5
(N = 2)SuGra + nv(N = 2)vector (N = 2)V × [Aµ + nV φ] Sp(2) SO(nV ) SO(5,nV )SO(5)×SO(nV ) ×O(1, 1)
(N = 1)SuGra + nv(N = 1)vector (N = 1)V × [Aµ + (nV − 1)φ] Sp(1) SO(nV − 1) Sp(1)×SO(1,nV −1)Sp(1)×SO(nV −1) ×O(1, 1)
D = 6
(N = (1, 1))SuGra
+nv(N = (1, 1))vector (N = (1, 1))V × [Aµ + nV φ] Sp(1)× Sp(1) SO(nV )
O(4,nV )
SO(4)×O(nV ) ×O(1, 1)
(N = (2, 0))SuGra
+nT (N = (2, 0))tensor (N = (2, 0))tensor × [B
−
µν + nTφ] Sp(2) SO(nT )
O(5,nT )
SO(5)×O(nT )
Table 15: Matter coupling in D = 3, 4, 5, 6
Note that the general form for the maximally compact subgroups in the cosets given in Table 15 is
H = RL ⊗RR ⊗ δD,4 SO(2). (3.46)
This is just the form,
h(NL +NR, D) = int(NL, D)⊕ int(NR, D)⊕ δD,4u(1) +D[NL,NR], (3.47)
appearing in the generalised pyramid formula (3.25) with D[NL,NR = 0] = ∅. This is entirely consistent
with the logic of the construction; we previously identified D[NL,NR] with the generators QL⊗QR, which
are clearly absent when NR = 0.
The non-compact generators are also determined following the logic of the generalised pyramid pre-
sented in subsection 3.4, but now with only two scalar terms: Aµ⊗ A˜ν and φi⊗ φ˜i′ , where φ˜i′ are the nV
scalars transforming as a vector of SO(nV ).
As an example, take half-maximal supergravity in five dimensions coupled to nV vector multiplets. We
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obtain the field content by tensoring the maximal N = 2 super Yang-Mills multiplet (with R-symmetry
Sp(2)) and a non-supersymmetric multiplet consisting of a gauge field and nV scalars transforming in the
vector representations of SO(nV ), denoted nV :
⊗ A˜µ
(3; 1)
φ˜
(1; nV)
Aµ (3; 1) (5; 1,1) + (3; 1,1) + (1; 1,1) (3; 1,nV)
λ (2; 4) (4; 4,1) + (2; 4,1) (2; 4,nV)
φ (1; 5) (3; 5,1) (1; 5,nV)
(3.48)
We therefore find,
h = sp(2)⊕ so(nV ), (3.49)
and, from (3.48),
g	 h = (5,nV)⊕ (1,1). (3.50)
Using the commutators which follow uniquely from the transformation properties of left and right states
we have
g = [sp(2)⊕ so(nV ) + (5,nV)]⊕ (1,1) ∼= so(5, nV )⊕ so(1, 1). (3.51)
This procedure applied in D = 3, 4, 5, 6 yields Table 15. Note, for D = 4, N = 2 and D = 5, N = 1 the
SU(2) and Sp(1) factors, respectively, drop out of the G/H coset. We see that the cosets admit a concise
alternative description:
G
H
∼= SO(#φL ,#φR)
SO(#φL)× SO(#φL)
×MAL×AR . (3.52)
where #φL/R is the number of scalars in the left and right multiplets we are tensoring and MAL×AR is
the coset parametrised by the scalars obtained from tensoring the gauge fields. It is given by ∅ in D = 3,
since the gauge fields (in the free theory) have been dualised to scalars, SL(2)/ SO(2) in D = 4 where we
have two such scalars, and O(1, 1) in D = 5, 6, where we have one.
In some cases we reproduce cosets appearing in the generalised pyramid. For example, in D = 4
[N = 2]V × [N = 2]V and [N = 4]V × [N = 0, nV = 2] both yield N = 4 supergravity coupled to
two vector multiplets with coset [SL(2) × SO(6, 2)]/[SO(2)2 × SO(6)]. However, despite their common
coset the two resulting theories have important structural differences when interpreted as truncations
of D = 4,N = 8 supergravity. In particular, the SL(2) S-duality subgroup in E7(7) can be directly
identified with the SL(2) factor in SL(2) × SO(6, 2) ⊂ E7(7) for [N = 4]V × [N = 0, nV = 2] whereas for
[N = 2]V × [N = 2]V it must be identified with an SL(2) subgroup of the SO(6, 2) factor, as explained
in [5]. In both cases the 8 + 8 gauge potentials and their duals transform as the (2,8) of SL(2)×SO(6, 2).
Embedding the [N = 2]V × [N = 2]V theory in N = 8 supergravity these 8 + 8 potentials and dual
potentials are evenly split between the NS-NS and RR sectors, implying that the SL(2) factor mixes NS-
NS and RR potentials and therefore cannot be identified with S-duality. Instead, the S-duality SL(2)S is
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contained in the SO(6, 2) component:
SL(2)× SO(6, 2) ⊃ SL(2)× SL(2)S × SL(2)× SU(2),
(2,8)→ (2,2S ,2,1,1)︸ ︷︷ ︸
NS-NS
+ (2,1S ,1,2,2)︸ ︷︷ ︸
RR
. (3.53)
On the other hand, the N = 4 supergravity coupled to two vector multiplets obtained from [N =
4]V × [N = 0, nV = 2] can be consistently embedded in the NS-NS sector of N = 8 supergravity alone:
all eight gauge potentials correspond to NS-NS states. In this scenario, the SL(2) factor in the U-duality
group can be identified as the S-duality SL(2) ∈ E7(7):
SL(2)× SO(6, 2) ∼= SL(2)S × SO(6, 2),
(2,8) ≡ (2S ,8).
(3.54)
3.7 Conclusions
We have shown that the U-duality algebras g for all supergravity multiplets obtained by tensoring two
super Yang-Mills multiplets in D ≥ 3 can be written in a single formula with three arguments, g(NL +
NR,D). The formula relies on the link between the three associative normed division algebras, R,C,H,
and the representation theory of classical Lie algebras. The formula is symmetric under the interchange
of NL and NR and provides another “matrix model”, in the sense of Barton and Sudbery [135], for the
exceptional Lie algebras. In this language the compact subalgebra h(NL+NR,D) has a simple form which
makes the left ⊗ right structure clear. The non-compact p = g − h generators are obtained directly by
examining the division algebraic representations carried by those left/right states that produce the scalar
fields of the corresponding supergravity multiplets.
Note, we are therefore implicitly assuming that the tensor product always gives supergravities with
scalars parametrising a symmetric coset space. The only possible exception to this rule is given by
NL = NR = 1. When there is a possible ambiguity in the coupling of the scalars it is resolved by the
structure of the left and right symmetry algebras. For example, in D = 4 the NL = NR = 1 scalar coset
manifold,
U(1, 2)
U(1)×U(2) , (3.55)
is the unique possibility consistent with the left and right super Yang-Mills data.
This procedure gives all supergravity algebras with more than half-maximal supersymmetry. These
cannot couple to matter, as reflected by the squaring procedure where only the fields of the supergravity
multiplet are produced. However, for half-maximal and below, one can couple the theory to matter
multiplets (vector or hyper). This does indeed happen when one squares; the fields obtained arrange
themselves in the correct number of vector or hypermultiplets such that we fill up the entries of the
pyramid.
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3.7.1 The Conformal pyramid
In Figure 1 and Figure 2 we described the U-duality groups of theories obtained by squaring SYM
multiplets in all dimensions. What about squaring conformal gauge theories?22 There has been progress
in recent years in understanding supergravity amplitudes in 3 dimensions as double copies of BLG theories;
see for example [18] and [140]. In terms of the U-dualities, the Chern-Symmons theories in 3 dimensions
give the same results when squared so the base of the pyramid would remain the same. In 4 dimensions
the SYM theories are already conformal. In 6 dimensions we encounter new multiplets, the N = (1, 0) and
N = (2, 0) tensor multiplets [141]. These have a two-form Bµν transforming in the (3,1) representation
of the space-time little-group instead of a vector field. When squared, these give self-dual Weyl multiplets
instead of supergravity. Instead of the graviton, these contain a self-dual four-form transforming in the
(5,1) of the little group. The possible theories are:
[N = (2, 0)]tensor × [N = (2, 0)]tensor = [N = (4, 0)]SD−Weyl
[N = (2, 0)]tensor × [N = (1, 0)]tensor = [N = (3, 0)]SD−Weyl
[N = (1, 0)]tensor × [N = (1, 0)]tensor = [N = (2, 0)]SD−Weyl + [N = (2, 0)]tensor
(3.56)
and the tensoring tables are described in subsubsection A.3.3. We then draw an alternative pyramid,
where we describe the U-dualities for theories obtained by squaring conformal theories. The pyramid of
H groups is given in Figure 3 and that for G groups is given in Figure 4.
There are a few interesting things to note. Firstly, we are again associating R and C with D = 3, 4,
but note that we are now writing H for D = 6, rather than H+ ⊕H−, as given in Table 12. The reason
for this is that the fields of the tensor multiplets and the SD-Weyl multiplets transform as (n,1) under
the little group SO(3)+ × SO(3)− = Sp(1)+ × Sp(1)−. Since they are inert under the second Sp(1), the
little group is effectively Sp(1)+, which is the little group of D = 5. This suggests we can characterise
D=6 conformal by a single H, as we did with D = 5 SYM. Moreover, we see in subsection A.3 that
the tensoring tables for (NL, 0)tensor × (NR, 0)tensor in 6 dimensions are the same as the tensoring tables
(NL)SYM × (NR)SYM in 5 dimensions. Of course the fields are interpreted differently in the physical
theories in D = 6 and D = 5.
Secondly, note that we have left the D = 10 case out, since there are no known conformal gauge
theories. However, the fact that we have used R,C,H for D = 3, 4, 6 seems to imply, in line with [5]
that we might use octonions O to describe the 10-dimensional theory. This would of course yield some
exotic theories, with unconventional properties from the perspective of the standard classification of
supermultiplets. Some hints regarding its possible U-duality group are given by looking at the sides of the
conformal pyramid for D = 3, 4, 6, 10. We notice that, up to D = 6, they fill up the entries of the magic
square. This suggests the existence of an unusual F4(4) theory in 10 dimensions. Presumably it would
reduce to the maximal conformal theory in 6 dimensions, with coset
E6(6)
Sp(4) on some nontrivial manifold or
orbifold. There have been previous hints at F4 theories in 10 and 11 dimensions - see [142–147].
22See, for example, [139] for a description.
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? 
Figure 3: The U-duality group H in for the conformal pyramid.
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? 
Figure 4: The U-duality group G in for the conformal pyramid.
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4 Chiral Squaring
Given the simplification in scattering amplitudes calculations brought about by writing supergravity as
the square of SYM, a natural question is whether we can go further and decompose the gauge superfields
in terms of chiral superfields. Though little explored, one can find some hints of this in the scattering
literature. Of course we can start with the double copy form of gravitational amplitudes and employ su-
persymmetric Ward identities to find various expressions between gluon and fermion amplitudes; however
no systematic understanding of these exists. In 6 dimensions, due to the structure of the little group
(SO(4) = SO(3) × SO(3)) and the fact that one can build the states of the N = (1, 1) SYM multiplet
by tensoring together N = (1, 0) and N = (0, 1) chiral multiplets, this double copy is revealed when the
amplitudes are written in the spinor helicity formalism [148,149]. There is no straightforward analogue in
D=4 but a possible hint comes from one-loop calculations in N = 4 SYM. It is known that the amplitude
here is entirely determined by the scalar box functions. The contributions from different particles are
related to the scalar contributions via supersymmetric Ward identities. To obtain the contribution from
a whole multiplet we sum over all its states and those of N = 4 SYM and N = 1 chiral are related via
ρN=4 = (ρN=1)2 [150].
In this section, based on [3] we explore the idea of SYM multiplets themselves as a double copy. We
proceed as follows. We give a very brief introduction to the spinor-helicity formalism in subsection 4.1. In
subsection 4.2 we obtain the SUSY transformations of the N = 4 SYM multiplet from those of the N=1
chiral multiplet in four dimensions. To achieve this, we introduce extra supersymmetry generators in the
chiral multiplet, obtained by a U(1) rotation of the scalar states in the definition of the original Q’s. In
a sense, this amounts to reversing the process of truncation which breaks an N = 4 gauge multiplet into
an N = 2 SYM and a N = 2 hypermultiplet; however, the novelty is that the extra SUSY generators are
built entirely from the operators of the N = 1 theory. This allows us to write the maximal supergravity
in four dimensions as four copies of the (enhanced) chiral multiplet. The gauge and R-symmetries are
also derived from squaring. We show that the squaring is more straightforward in D > 4, i.e. the chiral
multiplets don’t need to be enhanced with extra Q’s in subsection 4.3. We then conclude with possible
applications of our dictionary, particularly to scattering amplitudes (where the extra supersymmetry
generators will become necessary when using the Ward identities) and more speculatively to off-shell
superfield descriptions.
4.1 Conventions and notation in the spinor-helicity formalism
A pedagogical introduction to the spinor helicity formalism and many of the techniques used below can
be found in [151]. We will give a brief description of the ingredients that are essential to our calculation.
We start with the general free field expansion of a Dirac spinor:
Ψ(x) =
∑
s=±
∫
d˜p[bs(p)us(p)e
ipx + d†s(p)vs(p)e
−ipx] (4.1)
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where d˜p = d
3p
(2pi)32Ep
and bs(b
†
s) and ds(d
†
s) correspond to the fermionic creation and ahhihilation opera-
tors in the quantum theory. Then the coefficients in the plane-wave expansion will be solutions of the
momentum space form of the Dirac equation:
(/p+m)u(p) = 0
(−/p+m)v(p) = 0
(4.2)
These are 4-component complex objects. Note that the fact that both Ψ and the creation/annihilation
operators are Grassmanian means that u and v will be commuting objects.
Let us now specialise to the case we are interested in- massless fermions, which satisfy:
/pv±(p) = 0, u¯±(p)/p = 0 (4.3)
with the two independent solutions (note that we have crossing symmetry u± = v∓ and v¯± = u¯∓):
v+(p) =
(|p]a
0
)
, v−(p) =
(
0
|p〉a˙
)
(4.4)
and their conjugates:
u¯−(p) = (0, 〈p|a˙), u¯+ = ([p|a, 0) (4.5)
Here we have introduced the bra and ket notations for our 2-component commuting solutions of the
massless Weyl equation. Below, we will describe some properties of these bra-kets and use them to build
invariants.
Firstly, one raises and lowers indices with the epsilon tensor:
[p|a = ab|p]b, |p〉a˙ = a˙b˙〈p|b˙ (4.6)
Then, using the convention for the gamma matrix:
γµ =
( 0 (σµ)ab˙
(σ¯µ)a˙b 0
)
(4.7)
we see that:
/p = γ
µpµ =
( 0 pab˙
pa˙b 0
)
(4.8)
with:
pab˙ ≡ pµ(σµ)ab˙ =
(−p0+p3 p1−ip2
p1+ip2 −p0−p3
)
(4.9)
and similarly for pa˙b ≡ pµ(σ¯µ)a˙b. This means that our massless Weyl equation splits into:
pa˙b|p]b = 0, pab˙|p〉b˙ = 0, [p|bpba˙, 〈p|b˙pb˙a = 0 (4.10)
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Using the spin-completeness relation (u−u¯− + u+u¯+) and the crossing symmetry we have:
−/p =
( 0 |p]〈p|
|p〉[p| 0
)
(4.11)
so we can read off:
pab˙ = −|p]a〈p|b˙, pa˙b = −|p〉a˙[p|b (4.12)
finally, one can build the anti-symmetric invariants:
〈pq〉 = 〈p|a˙|q〉a˙ = a˙b˙〈p|a˙〈q|b˙
[pq] = [p|a|q]a = ab|p]b|q]a
(4.13)
4.2 D=4 States
The chiral multiplet contains a Weyl spinor and two real (or one complex) scalars, whose on-shell degrees
of freedom are multiplied according to the table below:
χ˜− 2φ˜ χ˜+
χ− A− 2λ− φ
2φ 2λ− 4φ 2λ+
χ+ φ 2λ+ A+
Table 16: D = 4, [(N = 1)Lchiral]× [(N = 1)Rchiral] = [(N = 4)SYM ].
The fields in the table can be organized traditionally into an N = 2 vector (A+, 2λ+, 2φ, 2λ−, A−) and
an N = 2 hypermultiplet (2λ+, 4φ, 2λ−). However, note that we have in fact obtained the field content
of N = 4 SYM.
In the following subsection, we will show how to build the (on-shell) SUSY transformations of the
N = 4 SYM multiplet from those of the N = 1 chiral multiplet; we will find that we need to introduce
two extra generators for SUSY transformations (which are not symmetries) to achieve this23.
4.2.1 Enhanced chiral multiplet and the extra SUSY generators
We begin with the familiar position-space transformations of the N = 1 chiral multiplet (comprising of a
left-handed Weyl fermion and a complex scalar):
δφ = 
aχa,
δχa = −iσµab˙
†b˙∂µφ,
(4.14)
23We will use a notation similar to [20] - there the authors construct the SUSY transformations of N = 8 supergravity
fields in terms of those of N = 4 SYM and give a dictionary between the lowering operators of the two theories.
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and similarly for φ¯ and χ†a˙. It is useful to expand these fields in terms of creation and annihilation
operators (since, as we see later, these will be the ones used in the dictionary):
φ(x) =
∫
d˜p[φ−(p)eipx + φ
†
+(p)e
−ipx],
χa(x) =
∑
s=±
∫
d˜p[χs(p)(PLus(p))ae
ipx + χ†s(p)(PLvs(p))ae
−ipx],
(4.15)
where d˜p = d
3p
(2pi)32Ep
and φ±,χ± satisfy the usual algebra of bosonic/fermionic creation and annihilation
operators. Note that the ± labels on the bosonic operators φ tell us which of the fermionic operators they
are related to via SUSY.
Given that we will be using the raising/lowering operators in our dictionary, we must describe how
they transform under supersymmetry. The rules can be read off by combining (4.14) and (4.15) and we
get:
δχ+(p) = [p]φ+(p)
δφ+(p) = 〈p〉χ+(p)
δφ−(p) = [p]χ−(p)
δχ−(p) = 〈p〉φ−(p)
(4.16)
It will be useful to write down the general form of the SUSY generators QM =
(|Q]a
|Q〉a˙
)
as functions of
φ and χ. One can show that they are
|Q]a =
∫
d˜p|p]a(φ+(p)χ†+(p)− χ−(p)φ†−(p))
|Q†〉a˙ =
∫
d˜p|p〉a˙(φ−(p)χ†−(p)− χ+(p)φ†+(p))
(4.17)
Then their action on the lowering operators is
[Q,χ+(p)] = |p]φ+(p) [Q†, χ+(p)] = 0
[Q,φ+(p)] = 0 [Q
†, φ+(p)] = |p〉χ+(p)
[Q,φ−(p)] = |p]χ−(p) [Q†, φ−(p)] = 0
[Q,χ−(p)] = 0 [Q†, χ−(p)] = |p〉φ−(p)
(4.18)
In [20], the eight SUSY generators of maximal supergravity came from two copies of the four maximal
SYM generators. Although squaring the field content of the N = 1 chiral multiplet does give us the N = 4
SYM multiplet, it seems like we don’t have enough SUSY generators to build the supersymmetry of the
gauge multiplet. This can be resolved by noticing that our generator Q only relates (φ+ and χ+) and
(φ− and χ−) separately. One can define a new generator Q′ which mixes (φ+ and χ−) and (φ− and χ+)
separately, as shown in Figure 5. Of course, for the purpose of describing the chiral multiplet, this extra
generator is redundant, but we will see that it becomes crucial for obtaining the SUSY transformations
of N = 4 SYM. One can apply an SO(2) rotation on the bosonic states (keeping the fermionic states
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Figure 5: Susy generators of the chiral multiplet
unchanged) to obtain a new set of SUSY generators:
|Q′]a =
∫
d˜p|p]a(φ−(p)χ†+(p) + χ−(p)φ†+(p))
|Q′〉 =
∫
d˜p|p〉a˙(−φ+(p)χ†−(p)− χ+(p)φ†−(p))
(4.19)
Note that this SO(2) = U(1) is different from the U(1) R-symmetry group, under which both the bosonic
and fermionic states will transform24. This is to be expected, since an R-symmetry rotation cannot give
us new generators. Then the action of the new SUSY generators on the annihilation operators is (see
Figure 5):
[Q′, χ+(p)] = |p]φ−(p) [Q′†, χ+(p)] = 0
[Q′, φ+(p)] = −|p]χ−(p) [Q′†, φ+(p)] = 0
[Q′, φ−(p)] = 0 [Q′†, φ−(p)] = |p〉χ+(p)
[Q′, χ−(p)] = 0 [Q′†, χ−(p)] = −|p〉φ+(p)
(4.21)
We can thus rewrite the fields and SUSY generators in our N = 1 theory as
φi = (φ+, φ−)
Qi = (Q,Q′)
(4.22)
and it is straightforward to see that the fields will transform under the action of the SUSY generators as
[Qi, χ+(p)] = |p]φi(p) [Q†i , χ+] = 0
[Qi, φj(p)] = |p]ijχ−(p) [Q†i , φj ] = |p〉δjiχ+(p)
[Qi, χ−(p)] = 0 [Q
†
i , χ−] = ijφ
j(p)
(4.23)
24This can be seen for example from the interacting Lagrangian
LI = 1
2
φψψ + c.c.− 1
4
|g|4|φ|4 (4.20)
where it is obvious that φ must transform with half the U(1) charge of φ.
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4.2.2 N = 4 SYM
On-shell, the maximal SYM multiplet (with R-symmetry SU(4)) consists of 1 gluon with helicity h = +1
(B±), 4 gluinos with h = +12 (λ
a±), 6 scalars with h = 0 (φab), 4 gluinos with h = −12 (λabc− ) and 1 gluon
with h = −1 (Aabcd− ), with a, b, c, d = 1, ...4 being the SU(4) indices. It is convenient to re-write the states
as:
A+, λ
a
+, φ
ab =
1
2
abcdφcd, λ
−
a =
1
3!
abcdλ
bcd
− , A− = −
1
4!
abcdA
abcd (4.24)
Then, under the action of the SUSY generators, the annihilation operators will transform as
[Qa, A+(p)] = [p|λa+(p) [Q†a, A+(p)] = 0
[Qa, λb+(p)] = [p|φab(p) [Q†a, λb+(p)] = |p〉δbaA+(p)
[Qa, φbc(p)] = [p|abcd− λ−d (p) [Q†a, φbc(p)] = |p〉2!δ[ba λc]+(p)
[Qa, λb−(p)] = −[p|δabA−(p) [Q†a, λb−(p)] = |p〉φab(p)
[Qa, A−(p)] = 0 [Q†a, A−(p)] = −|p〉λ−a (p)
(4.25)
4.2.3 Dictionary
We now have all the ingredients necessary to build a dictionary between N = 4 SYM and two copies of
the N = 1 (written as N = 2) chiral multiplet. We will split the SU(4) indices a, b, ... = 1, ...4 into left
SU(2) indices (i, j, ... = 1, 2) and right SU(2) indices r, s... = 1, 2. The SYM operators can then be built
as tensor products of the form OL ⊗ O˜R, with Qi and Qr acting only on the LHS and RHS respectively.
We can then write a dictionary for all the operators described in subsubsection 4.2.2:
A+(p) = χ+(p)⊗ χ˜+(p)
λa+(p) =
{
λi+(p) = φ
i(p)⊗ χ˜+(p)
λr+(p) = χ+(p)⊗ φ˜r(p)
φab(p) =

φij(p) = ijχ−(p)⊗ χ˜+(p)
φir(p) = φi(p)⊗ φ˜r(p)
φrs(p) = rsχ+(p)⊗ χ˜−(p)
λ−a (p) =
{
λ−i (p) = φi(p)⊗ χ˜−(p)
λ−r (p) = χ−(p)⊗ φ˜r(p)
A−(p) = χ−(p)χ˜−(p)
(4.26)
It has been checked that for any SYM operator, its SUSY transformation can be obtained from those of
the LHS and RHS chiral multiplets.
As an interesting example, let’s look at the action of Q†a on the scalars φab(p). We know from (4.25)
that
[Q†a, φ
bc(p)] = |p〉(δbaλc+(p)− δcaλb+(p)) (4.27)
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We now decompose this in terms of the LHS and RHS indices to get the following set of transformation
rules:
• all indices LHS, we expect
[Q†i , φ
jk(p)] = |p〉(δji λk+(p)− δki λj+(p)) (4.28)
To check this, we substitute the dictionary (4.26) and get
[Q†i , 
jkχ−(p)⊗ χ˜+(p)] = jk[Q†i , χ−(p)]⊗ χ˜+(p)
= |p〉jkilφl(p)⊗ χ˜+(p)
= |p〉(δji λk+(p)− δki λj+(p))
(4.29)
as expected.
• two LHS indices, one RHS index, we expect
[Q†i , φ
jr] = |p〉(δji λr+) (4.30)
We check this using the dictionary:
[Q†i , φ
j(p)⊗ φ˜r(p)] = [Q†i , φj ]⊗ φ˜r
= |p〉δjiχ+(p)⊗ φ˜r(p)
= |p〉δji λr+(p)
(4.31)
as expected. We also have
[Q†r, φ
ij(p)] = 0 (4.32)
and we can again check
[Q†r, 
ijχ−(p)⊗ χ˜+(p)] = ijχ−(p)⊗ [Q†r, χ˜+] = 0 (4.33)
All the other cases will proceed similarly to the ones above.
4.2.4 Non-abelian gauge symmetry and R-symmetry
We can allow the states of our N = 1 multiplets to transform in the adjoint of some non-abelian groups
GL/R:
δΦαL/R = f
α
βγΦ
βθγ (4.34)
with α = 1, 2, . . . ,dim(GL/R) and θ
α a global parameter. We will tensor these to obtain linearized SYM,
where the abelian local U(1) transformations are decoupled from the non-abelian global ones. Under
the latter, the SYM fields will also transform in the adjoint representation and this suggests the natural
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dictionary:
ΦαSYM = f
α
βγΦ
β
LΦ
γ
R (4.35)
which requires GL = GR = GSYM . Given the absence of local gauge parameters in the chiral multiplet
transformations, we see that it will be the field strength, rather than the potential, that is obtained
through squaring.
The next question is how the SU(4) R-symmetry is built from transformations of the N = 1 fields.
First we notice that after introducing the extra SUSY generators, the automorphism of the SUSY algebra,
whose generators act on the Q’s via
[TA, Qa] = (UA)a
bQb, a, b = 1, . . . ,N (4.36)
is enhanced to SU(2) for our faux N = 2 multiplet25. Note that the femionic states will transform trivially
under this SU(2) (the U(1) under which they transformed in the traditional chiral multiplet drops out
due to CPT self-conjugation) and the bosonic states will transform as
[T ab, φ
c] = δcbφ
a, (4.37)
where (T ab )
c
d = δ
a
dδ
c
b− 12δab δcd and a, b, c, d = 1, 226. Then SU(4) will be built from SU(2)L×SU(2)R×U(1):
we will have 3L + 3R SU(2) generators acting separately on the LHS and RHS states as in (4.37), and a
U(1) generator T which acts on the supergravity states via:
[T,A+] = 0
[T, λi+] = λ
i
+, [T, λ
r
+] = −λr+
[T, φij ] = 2φij , [T, φrs] = −2φrs, [T, φir] = 0
(4.38)
In addition, we have the generators which mix the LHS and RHS states. They are given by (T ar )
s
b = δ
a
b δ
s
r
and (T ra )
b
s = δ
b
aδ
r
s and their action on the supergravity states is
[T rb, φis] = δ
r
sφib (4.39)
Note that each of the mixed generators can be interpreted as a tensor product of the SUSY operators,
where we have formally supressed the spacetime indices, for example T sa = q
s⊗qa, where [qa, φb] = abλ−27.
In conclusion, the action of the R-symmetry generators on the SYM states was built from the action on
the states of the chiral multiplet in the same way as the action on supergravity states from the action on
SYM states [20].
25Note that it is SU(2) rather than U(2) because the introduction of the extra SUSY generator makes the enhanced N = 1
multiplet CPT conjugate. Interestingly, it seems that one can only obtain a CPT self-conjugate multiplet by tensoring two
multiplets which are CPT conjugate themselves. This is also observed at the next level of squaring, when we get N = 8
Supergravity from squaring N = 4 SYM.
26We use the same conventions as in [20].
27Interestingly, the same interpretation can be given to the terms that mix the LHS and RHS in the global symmetry of
supergravities obtained from SYM squaring [2].
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Interestingly, the R symmetry of this theory is then built via the same formula that we gave in [2] for
h, where h is the maximally compact subalgebra of the U-duality of supergravity theories obtained from
squaring28:
su(4) = su(2)⊕ su(2)⊕ u(1) + C[2, 2]
= rL ⊕ rR ⊕ u(1) + qL ⊗ qR
(4.41)
and qL/R are obtained from the supercharges as explained above.
4.2.5 Gravity-chiral dictionary
On-shell, the maximal Supergravity multiplet consists of a graviton, 8 gravitini, 28 vectors, 56 fermions
and 70 scalars, whose helicity states are represented as:
g+, ψ
A
+, A
AB
+ , χ
ABC
+ , φ
ABCD, χ−ABC , A
−
AB, ψ
−
A , g
− (4.42)
Then the gravity-chiral dictionary is 29 (via N = 4 SYM):
g = A+A
′
− = χ+χ˜+χ
′
−χ˜
′
− (4.43)
ψA =

ψa+ = λ
a
+A
′
+ =
{
λi+ = φ
iχ˜+
λr+ = χ+φ˜
r
}
χ′+χ˜′+
ψa¯+ = A+(λ
′)a¯+ = χ+χ˜+
{
(λ′)i¯+ = (φ′)i¯χ˜′+
(λ′)r¯+ = χ′+(φ˜′)r¯
AAB+ =

Aab+ = φ
abA′+ =

φij = ijχ−χ˜+
φir = φiφ˜r
φrs = rsχ+χ˜−
χ′+χ˜′+
Aaa¯+ = λ
a
+(λ
′)a¯+ =
{
λi+ = φ
iχ˜+
λr+ = χ+φ˜
r
}{
(λ′)i¯+ = (φ′)i¯χ˜′+
(λ′)r¯+ = χ′+(φ˜′)r¯
Aa¯b¯+ = A+(φ
′)a¯b¯ = χ+χ˜+

(φ′)i¯j¯ = i¯j¯χ′−(χ˜)′+
(φ′)i¯r¯ = (φ′)i¯(φ˜′)r¯
(φ′)r¯s¯ = r¯s¯χ′+(χ˜)′−
28In [2], we actually find the general formula for any 3 ≤ D ≤ 10:
sa(NL +NR,D) =
[
sa(NL,D)⊕ sa(NR,D)⊕ δD,4u(1) +D[NL,NR]
]
(4.40)
where D is the division algebra associated with the spinor representation in dimension D and sa(n,A) ∼= Isom(APn−1).
29Note that the RHS SYM fields are dashed. We use the following convention for the indices:
• supergravity: A, B, C...
• SYM: a,b,...(LHS) and a¯,b¯,... (RHS)
• chiral: i(¯i),j,(j¯)...(LHS) and r(r¯),s(s¯),... (RHS)
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χABC+ =

χabc+ = 
abcdλ−d A
′
+ = 
abcd
{
λ−i = φiχ˜−
λ−r = χ−φ˜r
}
χ′+χ˜′+
χaba¯+ = φ
ab(λ′)a¯+ =

φij = ijχ−χ˜+
φir = φiφ˜r
φrs = rsχ+χ˜−

{
(λ′)i¯+ = (φ′)i¯χ˜′+
(λ′)r¯+ = χ′+(φ˜′)r¯
χaa¯b¯+ = λ
a
+(φ
′)a¯b¯ =
{
λi+ = φ
iχ˜+
λr+ = χ+φ˜
r
}
(φ′)i¯j¯ = i¯j¯χ′−(χ˜)′+
(φ′)i¯r¯ = (φ′)i¯(φ˜′)r¯
(φ′)r¯s¯ = r¯s¯χ′+(χ˜)′−
χa¯b¯c¯+ = 
a¯b¯c¯d¯A+(λ
′)−
d¯
= a¯b¯c¯d¯χ+χ˜+
{
(λ′)−
i¯
= φ′¯
i
(χ˜)′−
(λ′)−r¯ = χ′−(φ˜)′¯r
φABCD =

φabcd = abcdA−A′+ = χ−χ˜−χ′+χ˜′+
φabca¯ = abcdλ−d (λ
′)a¯+ = abcd
{
λ−i = φiχ˜−
λ−r = χ−φ˜r
}{
(λ′)i¯+ = (φ′)i¯χ˜′+
(λ′)r¯+ = χ′+(φ˜′)r¯
φaba¯b¯ = φab(φ′)a¯b¯ =

φij = ijχ−χ˜+
φir = φiφ˜r
φrs = rsχ+χ˜−


(φ′)i¯j¯ = i¯j¯χ′−(χ˜)′+
(φ′)i¯r¯ = (φ′)i¯(φ˜′)r¯
(φ′)r¯s¯ = r¯s¯χ′+(χ˜)′−
φaa¯b¯c¯ = a¯b¯c¯d¯λa+(λ
′)−
d¯
= a¯b¯c¯d¯
{
λi+ = φ
iχ˜+
λr+ = χ+φ˜
r
}{
(λ′)−
i¯
= φ′¯
i
(χ˜)′−
(λ′)−r¯ = χ′−(φ˜)′¯r
φa¯b¯c¯d¯ = a¯b¯c¯d¯A+(A
′)− = a¯b¯c¯d¯χ+χ˜+χ′−χ˜′−
and similarly for the negative helicity states.
4.3 Squaring in D 6= 4
In 6 dimensions, we would like to build the maximal N = (2, 2) supergravity out of 4 copies of the chiral
multiplet. The easiest route is to first write the N = (2, 0) tensor multiplet as two copies of the N = (1, 0)
multiplet (and similarly for N = (0, 2)). Then it is straightforward to combine the two tensor multiplets
and obtain supergravity.
The N = (1, 0) on-shell chiral superfield is
χ(ηi+) = χ+ + φiη
i+ + ηi+ηj+Ωijχ
− (4.44)
Note that we take ηia → ηi+ in order to construct the superspace, breaking the SU(2) little group
symmetry (see [152]). Our states are χ+, φi and χ
−, where ± are the SU(2) weights and i = 1, 2 is the
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Sp(1) R-symmetry index. Then the action of the SUSY generator on the states is given by
{qAi+, χ+} = λA+φi
{qAi+, φj} = λA+Ωijχ−
{qAi+, χ−} = 0
(4.45)
where A = 1, ...4 are SO(6) = SU(4) Lorentz indices in D = 6 and λA+ is the + component of the λ
Aa
solution of the Weyl equation in D = 6 (see [148] for a description of the on-shell spinor-helicity formalism
in six dimensions).
Now we want to build the N = (2, 0) tensor multiplet out of two copies of the chiral multiplet above.
The tensoring table in terms of the little group representations is given by:
χ
(2,1)
2φ
2(1,1)
χ˜
(2,1)
Bµν + φ
(3,1) + (1,1)
2ψ
2(2,1)
2φ
2(1,1)
2ψ
2(2,1)
4φ
4(1,1)
Table 17: D = 6, [(1, 0)Lchiral]× [(1, 0)Rchiral] = [(2, 0)Tensor ].
The on-shell superfield for the N = (2, 0) theory is given by [152]
Φ(ηI+) = B+ + ψ+I η
+I +
1
2
η+Iη+J [φIJ + ΩIJA
0] +
1
3!
LIJKη
+Iη+Jη+Kψ−L + (η+)4B− (4.46)
so, in descending order of SU(2) weight, our states are
B+, ψ+I , [φIJ + ΩIJA
0] ≡ AIJ , ψ−I , B− (4.47)
where I, J = 1, ...4 are the Sp(2) R-symmetry indices. The action of the SUSY generators on these states
is given by
{qAI , B+} = λA+ψ+I
{qAI , ψ+J } = λA+AIJ
{qAI , AJK} = λA+LIJKψ−L
{qAI , ψ−J} = λA+δJI B−
{qAI , B−} = 0
(4.48)
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Then one can write a dictionary for the tensor multiplet as a double copy of the chiral one:
B+ = χ+ ⊗ χ˜+
ψ+I =
{
ψ+i = φi ⊗ χ˜+
ψ+r = χ⊗ φ˜r
AIJ =

Aij = Ωijχ
− ⊗ χ˜+
Air = φi ⊗ φ˜r
Ars = Ωrsχ
+ ⊗ χ˜−
ψ−I =
{
ψ−i = Ωijφj ⊗ χ˜−
ψ−r = Ωrsχ− ⊗ φ˜s
B− = χ− ⊗ χ˜−
(4.49)
It has been checked that the SUSY transformations of the tensor multiplet then follow from those of the
chiral multiplet, similarly to the situation in D = 4. The R-symmetry is again obtained via the formula
(4.40)
sp(2) = sp(1)⊕ sp(1) +H[1, 1]
= rL ⊕ rR + qL ⊗ qR
(4.50)
noting that the representation in D=6 is quaternionic. Here sp(1) = su(2) is the R-symmetry algebra of
the left and right chiral multiplet, and again the total R-symmetry of the resulting multiplet is enhanced
via a tensor product of fermionic transformations (which are not symmetries) of the N = 1 states.
We can now perform the more straightforward squaring of the two tensor multiplets of opposite
chiralities to get the maximal supergravity, as shown in the table below:
B+µν
(3,1)
4λ+
4(2,1)
5φ
(1,1)
B−µν
(1,3)
gµν
(3,3)
4Ψ+µ
4(2,3)
5B−µν
5(1,3)
4λ−
4(1,2)
4Ψ−
4(3,2)
16Aµ
16(2,2)
20χ−
20(1,2)
5φ
5(1,1)
5B+µν
5(3,1)
20χ+
20(2,1)
25ϕ
(1,1)
Table 18: D = 6, [(2, 0)Ltensor]× [(0, 2)Rtensor] = [(2, 2)SuGra ].
Note that one could have alternatively built the N = (1, 1) SYM multiplet (consisting of a gauge field
transforming in the (2,2) of the little group, two spinors λ+ and two λ−, transforming in the (2,1) and
(1,2) representations, respectively, and 4 scalars) by tensoring the N = (1, 0) and N = (0, 1) chiral
multiplets. In five dimensions, where the little group is SO(3), the tensoring will proceed as detailed in
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Table 17, by simply suppressing the SO(3) subgroup under which the fields transform trivially.
4.4 Conclusions
Having constructed the states and symmetries of gauge theories by squaring, one can hope to apply them
to simplifying scattering amplitudes. We illustrate the appearance of the double copy structure for 4-point
gluon scattering through an example. The s-channel 4-point scattering process for two negative-helicity
and two positive helicity fermions in Yukawa theory is given by (up to the coupling constant)
A4(1
−, 2−, 3+, 4+) = As4(f¯
−
1 f
−
2 f¯
+
3 f
+
4 ) ∝
〈12〉
〈34〉 (4.51)
Since the 3-point fermion scattering process is not allowed, this is the smallest possible amplitude. We
note that the scattering amplitude of the four gluons obtained by taking two copies of the fermions above
is
A4(g
−
1 g
−
2 g
+
3 g
+
4 ) ∝
〈12〉4
〈12〉〈23〉〈34〉〈41〉 = −
s12
s23
(〈12〉
〈34〉
)2
= −s12
s23
[As4(f¯
−
1 f
−
2 f¯
+
3 f
+
4 )]
2 (4.52)
after some rearrangements and after imposing momentum conservation on the 4 legs (we use sij =
(pi+pj)
2 = 〈ij〉[ij]).30 One could potentially find similar relations for a higher number n of external legs,
provided n is even, i.e. when we can write the fermion amplitudes.
We can also now write the gravitational 4-point amplitude as four copies of the chiral one via
A4(h
−
1 h
−
2 h
+
3 h
+
4 ) = −s12A4(g−1 g−2 g+3 g+4 )A4(g−1 g−2 g+4 g+3 ) ∝ −
(s12)
3
s23s24
[As4(f¯
−
1 f
−
2 f¯
+
3 f
+
4 )]
4 (4.54)
Again, we expect similar (though more complicated) quadruple copy relations for higher numbers n = 2k
of external legs. It would also be interesting to see if there are any connections with (some modified version
of) the BCJ relations. Additionally, one can make use of the SUSY Ward identities, in conjunction with
the gravity-chiral dictionary in (4.43), to find a variety of other quadruple copy relations. Note that to
achieve this, we will need to make use of the additional Q′ generators introduced in subsubsection 4.2.1.
More speculatively, one could investigate whether something can be inferred about the closure of the
SUSY algebra of N = 4 SYM from its double copy structure. Note that in [1] we tensored off-shell
(super)fields to obtain an off-shell supergravity superfield. It would be interesting to explore whether
there are any connections with recent attempts at N = 4 off-shell SUSY via lower-dimensional “holo-
grams” [153].
30It is interesting to note that one can also write the scalar-QED amplitude (which is not colour-ordered) as a double copy:
A4(φ1, φ
∗
2, g
+
3 , g
−
4 ) =
〈14〉〈24〉
〈13〉〈23〉 = A
u
4 (f¯
−
1 f
+
2 f¯
+
3 f
−
4 )A
t
4(f¯
+
1 f
−
2 f¯
+
3 f
−
4 ) (4.53)
up to coupling constants.
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A Appendix
A.1 Linearised Local Symmetries
The transformation rules for the graviton and 2-form are given by [61]:
δgµν = −2i(¯γµψν + ¯γνψµ) + ∂µαν + ∂ναµ
δaµν = 2i(¯γµψν − ¯γνψµ) + ∂µβν − ∂νβµ
(A.1)
then31, defining:
Zµν = −1
4
(gµν − aµν) (A.2)
we have
δZµν = ¯γµψν + ∂µα
′
ν(L) + ∂να
′
µ(R) (A.3)
where:
α′µ(L) = −
1
4
(αµ − βµ)
α′µ(R) = −
1
4
(αµ + βµ)
(A.4)
The variation of the gravitino is:
δψµ =
i
4
γkλ∂kgλµ + γ5Aµ − γ5Vµ − i
2
γµνγ5V
ν + ∂µη (A.5)
but we can rewrite this as:
− i
2
γµνγ5V
ν =
i
4
νµαβγ
αβV ν
=
i
16
νµαβ
νmabγαβ∂maab
= − i
16
3!γαβδ
[mab]
[µνβ]∂maab
= −3i
8
γαβ∂[µaαβ]
= −3i
8
γαβ
1
3
(∂µaαβ + ∂αaβµ + ∂βaµα)
= − i
4
γαβ∂αaβµ− i
8
γαβ∂µaαβ
(A.6)
Combining these expressions, we recover the form of the transformations predicted by squaring:
δψµ = −iγkλ∂kZλµ + γ5A′µ+ ∂µη′ (A.7)
31Note that we have slightly different conventions than in subsection 2.2, there the indices on the two-form field were
swapped, instead of having a minus sign.
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with:
A′µ = Aµ − Vµ
η′ = η − i
8
γαβaαβ
(A.8)
Now we want to see whether the variation of A′µ agrees with what we predict from squaring.We have:
δA′µ = δAµ − δVµ (A.9)
where
δAµ = −¯γµγkλγ5∂kψλ + ∂µΛ
−δVµ = −1
4
µνkλ∂
νδakλ
= −µνkλ¯γk∂νψλ + 1
2
µνkλ∂
ν∂kβλ
= −¯γkµνkλ∂νψλ
= ¯γkµνλk∂
νψλ
= ¯γµkλγ5∂
kψλ
(A.10)
but
γµkλ = γµγkλ − ηµkγλ + ηµλγk (A.11)
so we have:
−δVµ = ¯γµγkλγ5∂kψλ (cancels δAµ)
− ∂µ(¯γλγ5ψλ)
+ ¯γkγ5∂
kψλ (comes from squaring)
(A.12)
Then:
δA′µ = ¯γkγ5∂
kψµ + ∂µΛ
′ (A.13)
where
Λ′ = Λ− ¯γλγ5ψλ (A.14)
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A.2 Notes on quaternionic representations
In this appendix, we describe the matrix representations of the terms in the fourmulae for G and H in
section 3, specifically for D = 5, 6, 7, where these representations are quaternionic. An element X ∈
u(2n) ∼= a(2n,C) can be written
M =
(
a b
−b† c
)
, where a, c ∈ a(n,C) b ∈ C[4]. (A.15)
For M in the subalgebra usp(2n) := {M ∈ u(2n)|MTΩ + ΩM = 0}
MTΩ + ΩM = 0 ⇒ M =
(
a b
−b† a∗
)
, where b ∈ Sym2(Cn). (A.16)
The well-known Lie algebra isomorphism usp(2n) ∼= sa(n,H) then follows from the standard algebra
bijection:
τ : sau(2,C)→ H where sau(2,C) := SpanR{1, sa(2,C)}, (A.17)
given by
a0e0 + a1e1 + a2e2 + a3e3 ∈ H 7→
(
a0 + ia1 a2 + ia3
−a2 + ia3 a0 − ia1
)
=
(
a b
−b∗ a∗
)
∈ sau(2,C). (A.18)
Note that
τ(X†) = τ(X)∗, τ(X∗) = e2τ(X)e∗2, τ(X
T ) = e2τ(X)
∗e∗2. (A.19)
To set-up the isomorphism usp(2n) ∼= sa(n,H) we introduce two maps, Sn and τn. Explicitly, for n = 2
we have
M =

ia b α β
−b∗ ic β δ
−α∗ −β∗ −ia b∗
−β∗ −δ∗ −b −ic
 −→S2

ia α b β
−α∗ −ia −β∗ b∗
−b∗ β ic δ
−β∗ −b −δ∗ −ic
 −→τ2
(
x z
−z∗ y
)
∈ sa(2,H),
(A.20)
where
Sn : C[2n]→ C[2n]; M 7→ SnMSTn for Sn ∈ SO(2n) (A.21)
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is the similarity transformation organising M into 2×2 blocks Aij , i, j = 1, 2, . . . , n such that Aii ∈ sa(2,C)
and Aji = −A†ij ∈ sau(2,C) and
τn : R[n]⊗ sau(2,C)→ H[n];

A11 A12 · · · A1n
A21 A22 · · · A2n
...
...
. . .
...
An1 An2 · · · Ann
 7→

τ(A11) τ(A12) · · · τ(A1n)
τ(A21) τ(A22) · · · τ(A2n)
...
...
. . .
...
τ(An1) τ(An2) · · · τ(Ann)
 .
(A.22)
Since Aii ∈ sa(2,C) and Aji = −A†ij ∈ sau(2,C) for Sn(M),we have that M ∈ usp(2n) and τn ◦ Sn(M) ∈
sa(n,H).
The similarity transformation Sn is trivially a bijective matrix algebra homomorphism and therefore
also a Lie algebra isomorphism. Similarly, τn is an algebra isomorphism since τ is one. Therefore its
restriction to usp(2n) is also a Lie algebra isomorphism since the commutators are given by matrix
commutators and so θn := τn ◦ Sn,
θn : usp(2n)→ sa(n,H), (A.23)
is a Lie algebra isomorphism.
We return now to the specific example of sa(2,H), which is relevant to D = 5. We can decompose
with respect to the subalgebra sa(1,H)⊕ sa(1,H) ⊂ sa(2,H), relevant to D = 6,
10 → (3,1) + (1,3) + (2,2),(
x z
−z∗ y
)
→
(
x 0
0 y
)
+
(
0 z
−z∗ 0
)
.
(A.24)
Hence the (2,2) of usp(2)⊕ usp(2) can be identified with H, where action of x⊕ y ∈ sa(1,H)⊕ sa(1,H)
on z ∈ H is given by
[(x, y), z] = xz − zy. (A.25)
The D = 7 subalgebra sa(1,H) is obtained by identifying x = y. The 3 of usp(2) is then given by
restricting z to ImH:
[(x, x), z] = xz − zx = xz − (xz)∗ ∈ ImH. (A.26)
The 5 of usp(4) can also be written in a quaternionic language using θ2. The 6 of su(4) is given by a
complex-self-dual 2-form Xab ∈ ∧2C4, (Xab)∗ = (?X)ab. It can be written as a 4× 4 matrix
X =

0 α a β
−α 0 β∗ −a∗
−a −β∗ 0 α∗
−β a∗ −α∗ 0
 . (A.27)
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Under su(4) ⊃ usp(4) ∼= sp(2),
6→ 5 + 1, (A.28)
where the 5 is a symplectic traceless complex-self-dual 2-form Xab ∈ ∧20C4,
ΩabXab = 0, Ω =
(
0 1
−1 0
)
. (A.29)
In terms of X, symplectic tracelessness implies a ∈ R. We can write:
X =

0 α a β
−α 0 β∗ −a
−a −β∗ 0 α∗
−β a −α∗ 0
 . (A.30)
Applying S2 we obtain
X˜ = SXST =

0 a α β
−a 0 −β∗ α∗
−α β∗ 0 −a
−β −α∗ a 0
 where S =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 . (A.31)
Under τ2 : R[2]⊗ sau(2,C)→ H[2] we find
τ2(X˜) =
(
ae2 α0 + α1e1 + β0e2 + β1e3
−α0 − α1e1 + β0e2 − β1e3 −ae2
)
=
(
ae2 b
−b∗gen −ae2
) (A.32)
where a ∈ R, b ∈ H and ∗gen now denotes the generalised conjugation:
(e0, ei)
∗gen→ (e0, (−1)iei) (A.33)
For C, this will just reduce to the usual conjugation.
99
A.3 Tensoring SYM and tensor multiplets in 4 ≤ D ≤ 10
A.3.1 D = 4
We present the tensoring table for D = 4 in Table 19. We are working on-shell, and the space-time little
group algebra is so(2) = u(1). A SYM multiplet in 4 dimensions consists of a gauge field of helicity ±1,
spinors of helicity ±12 and scalars with helicity 0. A supergravity multiplet will contain a graviton of
helicity ±2, some gravitini of helicity ±32 and possibly vectors, spinors and scalars.
We have 3 SYM theories in 4 dimensions: the maximal N = 4, with R-symmetry algebra su(4),
half-maximal N = 2 with R-symmetry u(2) and the minimal N = 1 with R-symmetry u(1). Tensoring
all possible pairs will yield supergravities with 2 ≤ N ≤ 8. We obtain the field content of supergravities
for N > 4, as expected, since these can’t couple to matter. Then the N = 4 supergravity obtained
from squaring will be coupled to 2 vector multiplets, the N = 3 supergravity will be coupled to 1 vector
multiplet and the N = 2 theory will have an additional hypermultiplet.
A.3.2 D = 5
The tensoring table for D = 5 is presented in Table 20. The fields are irreps of so(3) = sp(1), the little
group algebra. The vector transforms as a 3 of sp(1), while the spinor is a 2. The graviton and the
gravitino transform in the 5 and 4 representations of the little group, respectively.
In 5 dimensions, we only have 2 possible SYM theories: the maximal N = 2, with R-symmetry algebra
sp(2) and the minimal N = 1, with R-symmetry algebra32 sp(1). Tensoring all possible combinations we
obtain pure N = 4, 3 supergravities, while the N = 2 theory comes coupled to a vector multiplet.
A.3.3 D=6
In 6 dimensions, the little group algebra factorises: so(4) = so(3)× so(3) = sp(1)× sp(1). This introduces
the concept of chirality and hence a wider array of possible fields and SUSY multiplets. The SYM
multiplet consists of a gauge field living in the (2,2) of the little group, the spinors, which are (2,1)
or (1,2) and possibly scalars, which, as usual, are singlets. In addition, in 6 dimensions we also have a
tensor multiplet, with a two form field transforming as (3,1) for N = (2, 0) and (1,3) for N = (0, 2). The
supergravity multiplet will also contain a graviton which is a (3,3) irrep and gravitini, which are (3,2)
or (2,3) irreps. The most exotic multiplet, which is specific to 6 dimensions, is the N = (4, 0) SD-Weyl
multiplet. It consists of a fourth rank tensor, transforming as a (5,1), 8 spinor valued 2-forms instead of
gravitini, living in the (4,1) of the little group, 48 spinors and 42 scalars, parametrising an
E6(6)
Sp(4) coset.
This shall also be obtained from squaring.
As we see, we have an abundance of theories that can be tensored together, and it is shown in
section 3 that a single formula describes how the U-duality groups are obtained from the R-symmetries
32Note that there isn’t a consensus in the literature about the naming of these theories. One might find the maximal
theory referred to as N = 4 and the minimal N = 2. this is related to the ambiguity between the notation for sp(n) vs.
sp(2n). We adopt the convention that the minimal existing theory in any dimension is denoted as N = 1. The same applies
to supergravity theories.
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of the factors. First, let’s consider the SYM theories: the maximal theory is N = (1, 1) and we have two
possibilities for the half-maximal theories, either N = (1, 0) or N = (0, 1). In Table 21, we present the
tensor products which yield pure supergravity theories (we get the maximal N = (2, 2), the half-maximal
N = (2, 1) and N = (1, 2) theories and the N = (1, 1) theories).
In Table 22 we see that the square of the N = (1, 0) theory yields N = (2, 0) supergravity coupled to
a tensor multiplet.
Then in Table 23 we tensor conformal theories. Schematically, the product of two tensor multiplets
yields:
⊗ B˜µν λ˜a′ φ˜i′
Bµν Cµνρσ +Bµν + φ ψ
a′
µν + λ
a′ Bi
′
µν
λa ψaµν + λ
a Baa
′
µν + φ
aa′
RR λ
ai′
φi Biµν λ
ia′ φii
′
(A.34)
We find that the N = (4, 0) SD-Weyl multiplet is the square of the N = (2, 0) tensor multiplet. Note that
in terms of representations, this is identical to the maximal entry in the D=5 case, Table 20, however the
interpretation of the fields is different. We then tensor the N = (2, 0) theory with a N = (1, 0) tensor
multiplet, which results in an N = (3, 0) SD-Weyl multiplet. The same observations about comparison to
D = 3 apply. Finally, we square the N = (1, 0) tensor multiplet to get an N = (2, 0) SD-Weyl multiplet
coupled to an N = (2, 0) tensor multiplet.
One last thing worth noticing in 6 dimensions is that we could have multiplied tensor multiplets of
opposite chiralities. As shown in Table 24, this will now yield supergravity theories, in fact the same as
the ones obtained in Table 21.
[N = (1, 1)]2SYM = [N = (2, 0)]tensor × [N = (0, 2)]tensor
[N = (1, 1)]SYM × [N = (1, 0)]SYM = [N = (2, 0)]tensor × [N = (0, 1)]tensor
[N = (1, 1)]SYM × [N = (0, 1)]SYM = [N = (1, 0)]tensor × [N = (0, 2)]tensor
[N = (1, 0)]SYM × [N = (0, 1)]SYM = [N = (1, 0)]tensor × [N = (0, 1)]tensor
(A.35)
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D = 4, u(1)ST
N = 4 su(4)
Aµ
(1;1)
+c.c.
λ
( 1
2
;4)
+c.c.
φ
(0;6)
N = 2 u(2)
Aµ
(1;1(0))
+c.c.
λ
( 1
2
;2(1))
+c.c.
φ
(0;1(2))
+c.c.
N = 1 u(1)
Aµ
(1; 0)
+c.c.
λ
( 1
2
;−3)
+c.c.
N = 4 su(4)
Aµ (1;1) + c.c.
λ ( 1
2
;4) + c.c.
φ (0;6)
N = 8 su(8)
gµν (2;1) + c.c.
ψµ (
3
2
;8) + c.c.
Aµ (1;28) + c.c.
λ ( 1
2
;56) + c.c.
φ (0;70)
N = 6 u(6)
gµν (2;1(0)) + c.c.
ψµ (
3
2
;6(1)) + c.c.
Aµ (1;1(−6) + 15(2)) + c.c.
λ ( 1
2
;6(−5) + 20(3)) + c.c.
φ (0;15(−4)) + c.c.
N = 5 u(5)
gµν (2;1(0)) + c.c.
ψµ (
3
2
;5(1)) + c.c.
Aµ (1;10(2)) + c.c.
λ ( 1
2
;1(−5) + 10(3)) + c.c.
φ (0;5(−4)) + c.c.
N = 2 u(2)
Aµ (1;1(0)) + c.c.
λ ( 1
2
;2(1)) + c.c.
φ (0;1(2)) + c.c.
N = 6 u(6)
gµν (2;1(0)) + c.c.
ψµ (
3
2
;6(1)) + c.c.
Aµ (1;1(−6) + 15(2)) + c.c.
λ ( 1
2
;6(−5) + 20(3)) + c.c.
φ (0;15(−4)) + c.c.
N = 4 u(4)⊕ u(1)
gµν (2;1(0)(0)) + c.c.
ψµ (
3
2
;4(1)(1)) + c.c.
Aµ (1;6(2)(2)) + c.c.
λ ( 1
2
;4(3)(3)) + c.c.
φ (0;1(4)(4)) + c.c.
2[N = 4]V
2×Aµ (1;1(−6)(0)) + c.c.(1;1(2)(−4)) + c.c.
2× λ (
1
2
;4(−5)(1)) + c.c.
( 1
2
;4(3)(−3)) + c.c.
2× φ (0;6(−4)(2))
(0;6(4)(−2))
N = 3 u(3)⊕ u(1)
gµν (2;1(0)(0)) + c.c.
ψµ (
3
2
;3(1)(2)) + c.c.
Aµ (1;3(2)(4)) + c.c.
λ ( 1
2
;1(3)(6)) + c.c.
[N = 4]V
Aµ (1;1(2)(−6)) + c.c.
λ ( 1
2
;4(3)(−4)) + c.c.
φ (0;6(4)(−2)) + c.c.
N = 1 u(1)
Aµ (1; 0) + c.c.
λ ( 1
2
;−3) + c.c.
N = 5 u(5)
gµν (2;1(0)) + c.c.
ψµ (
3
2
;5(1)) + c.c.
Aµ (1;10(2)) + c.c.
λ ( 1
2
;1(−5) + 10(3)) + c.c.
φ (0;5(−4)) + c.c.
N = 3 u(3)⊕ u(1)
gµν (2;1(0)(0)) + c.c.
ψµ (
3
2
;3(1)(2)) + c.c.
Aµ (1;3(2)(4)) + c.c.
λ ( 1
2
;1(3)(6)) + c.c.
[N = 4]V
Aµ (1;1(2)(−6)) + c.c.
λ ( 1
2
;4(3)(−4)) + c.c.
φ (0;6(4)(−2)) + c.c.
N = 2 u(2)⊕ u(1)
gµν (2;1(0)(0)) + c.c.
ψµ (
3
2
;2(1)(2)) + c.c.
Aµ (1;1(2)(4)) + c.c.
[N = 2]h
λ ( 1
2
;2(1)(−4)) + c.c.
φ (0;2(−1)(−2)) + c.c.
Table 19: Tensor products of left and right super Yang-Mills multiplets in D = 4. In (m; n) m denotes the
spacetime little group representation and n the representation of the internal global symmetry displayed,
int for the super Yang-Mills multiplets and h for the resulting supergravity + matter multiplets. Here V
and h denote vector and hyper multiplets, respectively.
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D = 5, sp(1)ST
N = 2 sp(2)
Aµ
(3; 1)
λ
(2; 4)
φ
(1; 5)
N = 1 sp(1)
Aµ
(3; 1)
λ
(2; 2)
φ
(1; 1)
N = 2 sp(2)
Aµ (3; 1)
λ (2; 4)
φ (1; 5)
N = 4 sp(4)
gµν (5; 1)
ψµ (4; 8)
Aµ (3; 27)
λ (2; 48)
φ (1; 42)
N = 3 sp(3)
gµν (5; 1)
ψµ (4; 6)
Aµ (3; 1 + 14)
λ (2; 6 + 14′)
φ (1; 14)
N = 1 sp(1)
Aµ (3; 1)
λ (2; 2)
φ (1; 1)
N = 3 sp(3)
gµν (5; 1)
ψµ (4; 6)
Aµ (3; 1 + 14)
λ (2; 6 + 14′)
φ (1; 14)
N = 2 sp(2)
gµν (5; 1)
ψµ (4; 4)
Aµ (3; 1 + 5)
λ (2; 4)
φ (1; 1)
[N = 2]V
Aµ (3; 1)
λ (2; 4)
φ (1; 5)
Table 20: Tensor products of left and right super Yang-Mills multiplets in D = 5. In (m; n) m denotes the
spacetime little group representation and n the representation of the internal global symmetry displayed,
int for the super Yang-Mills multiplets and h for the resulting supergravity + matter multiplets. Here V
denote vector and hyper multiplets
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D = 6, su(2)⊕ su(2)ST
N = (1, 1) sp(1)⊕ sp(1)
Aµ (2,2;1,1) λ (2,1;1,2) + (1,2;2,1) φ (1,1;2,2)
N = (1, 0) sp(1)⊕ ∅
Aµ (2,2;1) λ (1,2;2)
N = (1, 1) sp(1)⊕ sp(1)
Aµ (2,2;1,1)
λ (2,1;1,2) + (1,2;2,1)
φ (1,1;2,2)
N = (2, 2) sp(2)⊕ sp(2)
gµν (3,3;1,1)
ψµ (2,3;4,1) + (3,2;1,4)
Aµ (2,2;4,4)
Aµν (3,1;1,5) + (1,3;5,1)
λ (2,1;4,5) + (1,2;5,4)
φ (1,1;5,5)
N = (2, 1) sp(2)⊕ sp(1)
gµν (3,3;1,1)
ψµ (3,2;2,1) + (2,3;1,4)
Aµ (2,2;2,4)
Aµν (1,3;1,5) + (3,1;1,1)
λ (1,2;2,5) + (2,1;1,4)
φ (1,1;1,5)
N = (0, 1) ∅⊕ sp(1)
Aµ (2,2;1)
λ (2,1;2)
N = (1, 2) sp(1)⊕ sp(2)
gµν (3,3;1,1)
ψµ (3,2;4,1) + (2,3;1,2)
Aµ (2,2;4,2)
Aµν (1,3;1,1) + (3,1;5,1)
λ (1,2;4,1) + (2,1;5,2)
φ (1,1;5,1)
N = (1, 1) sp(1)⊕ sp(1)
gµν (3,3;1,1)
ψµ (2,3;2,1) + (3,2;1,2)
Aµ (2,2;2,2)
Aµν (3,1;1,1) + (1,3;1,1)
λ (2,1;2,1) + (1,2;1,2)
φ (1,1;1,1)
Table 21: Tensor products of left and right super Yang-Mills multiplets in D = 6. In (m; n) m denotes the
spacetime little group representation and n the representation of the internal global symmetry displayed,
int for the super Yang-Mills multiplets and h for the resulting supergravity + matter multiplets.
D = 6, su(2)⊕ su(2)ST
N = (1, 0) sp(1)⊕∅
Aµ (2,2; 1) λ (1,2; 2)
N = (1, 0) sp(1)⊕∅
Aµ (2,2; 1) λ (1,2; 2)
N = (2, 0) sp(2)⊕∅
gµν (3,3; 1)
ψµ (2,3; 4)
B+µν (1,3; 5)
N = (2, 0) ∅⊕ sp(2)
B−µν (3,1; 1)
λ (2,1; 4)
φ (1,1; 5)
Table 22: N = (1, 0)SYM ×N = (1, 0)SYM = N = (2, 0)sugra +N = (2, 0)tensor In (m; n) m denotes the
spacetime little group representation and n the representation of the internal global symmetry displayed,
int for the super Yang-Mills multiplets and h for the resulting supergravity + matter multiplets.
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D = 6, su(2)⊕ su(2)ST
N = (2, 0) sp(2)⊕ ∅
B+µν (3,1;1) λ (2,1;4) φ (1,1;5)
N = (1, 0) sp(1)⊕ ∅
B+µν (3,1;1) λ (2,1;2) φ (1,1;1)
N = (2, 0) sp(2)⊕ ∅
B+µν (3,1;1)
λ (2,1;4)
φ (1,1;5)
N = (4, 0) sp(4)⊕ ∅
Cµνρσ (5,1;1)
ψµν (4,1;8)
Bµν (3,1;27)
λ (2,1;48)
φ (1,1;42)
N = (3, 0) sp(3)⊕ ∅
Cµνρσ (5,1;1)
ψµν (4,1;6)
Bµν (3,1;14+ 1)
λ (2,1;6+ 14′)
φ (1,1;14)
N = (1, 0) sp(1)⊕ ∅
B+µν (3,1;1)
λ (2,1;2)
φ (1,1;1)
N = (3, 0) sp(3)⊕ ∅
Cµνρσ (5,1;1)
ψµν (4,1;6)
Bµν (3,1;14+ 1)
λ (2,1;6+ 14′)
φ (1,1;14)
N = (2, 0) sp(2)⊕ ∅
Cµνρσ (5,1;1)
ψµν (4,1;4)
Bµν (3,1;1+ 5)
λ (2,1;4)
φ (1,1;1)
N = (2, 0) ∅⊕ sp(2)
B+µν (3,1;1)
λ (2,1;4)
φ (1,1;5)
Table 23: Products of left tensor multiplets in D = 6; note that we get SD-Weyl multiplets instead of
supergravity. In (m; n) m denotes the spacetime little group representation and n the representation of
the internal global symmetry displayed, int for the super Yang-Mills multiplets and h for the resulting
supergravity + matter multiplets.
D = 6, su(2)⊕ su(2)ST
N = (2, 0) sp(2)⊕ ∅
B+µν (3,1;1) λ (2,1;4) φ (1,1;5)
N = (1, 0) sp(1)⊕ ∅
B+µν (3,1;1) λ (2,1;2) φ (1,1;1)
N = (0, 2) ∅⊕ sp(2)
B−µν (1,3;1)
λ (1,2;4)
φ (1,1;5)
N = (2, 2) sp(2)⊕ sp(2)
gµν (3,3;1,1)
ψµ (2,3;4,1) + (3,2;1,4)
Aµ (2,2;4,4)
Aµν (3,1;1,5) + (1,3;5,1)
λ (2,1;4,5) + (1,2;5,4)
φ (1,1;5,5)
N = (1, 2) sp(1)⊕ sp(2)
gµν (3,3;1,1)
ψµ (3,2;4,1) + (2,3;1,2)
Aµ (2,2;4,2)
Aµν (1,3;1,1) + (3,1;5,1)
λ (1,2;4,1) + (2,1;5,2)
φ (1,1;5,1)
N = (0, 1) ∅⊕ sp(1)
B−µν (1,3;1)
λ (1,2;2)
φ (1,1;1)
N = (2, 1) sp(2)⊕ sp(1)
gµν (3,3;1,1)
ψµ (3,2;2,1) + (2,3;1,4)
Aµ (2,2;2,4)
Aµν (1,3;1,5) + (3,1;1,1)
λ (1,2;2,5) + (2,1;1,4)
φ (1,1;1,5)
N = (1, 1) sp(1)⊕ sp(1)
gµν (3,3;1,1)
ψµ (2,3;2,1) + (3,2;1,2)
Aµ (2,2;2,2)
Aµν (3,1;1,1) + (1,3;1,1)
λ (2,1;2,1) + (1,2;1,2)
φ (1,1;1,1)
Table 24: Products of left tensor multiplets of opposite chiralities in D = 6; note that we again get
supergravity multiplets. In (m; n) m denotes the spacetime little group representation and n the repre-
sentation of the internal global symmetry displayed, int for the super Yang-Mills multiplets and h for the
resulting supergravity + matter multiplets.
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A.3.4 D=7
The tensoring table for D = 7 is presented in Table 25. The fields are irreps of the little group algebra
so(5) = sp(2). The vector field transforms as a 5 and the spinor lives in the 4 of the little group. The
supergravity multiplet also contains a graviton, with 14 on-shell d.o.f., gravitini (16 irrep) and two-forms,
transforming in the 10 of sp(2). We only have one SYM multiplet, with R-symmetry sp(1), and it squares
to the maximal N = 2 supergravity multiplet.
D = 7, so(5)ST
N = 1 sp(1)
Aµ (5; 1) λ (4; 2) φ (1; 3)
N = 1 sp(1)
Aµ (5; 1)
λ (4; 2)
φ (1; 3)
N = 2 sp(2)
gµν (14; 1)
ψµ (16; 4)
Aµ, Aµν (5; 10) + (10; 5)
λ (4; 16)
φ (1; 14)
Table 25: Tensoring table in D=7. In (m; n) m denotes the spacetime little group representation and n
the representation of the internal global symmetry displayed, int for the super Yang-Mills multiplets and
h for the resulting supergravity + matter multiplets.
A.3.5 D=8
In 8 dimensions, the little group algebra is so(6) = su(4). The vector is a 6 of su4, and the spinors
transform in the 4 + 4¯. The graviton is now a 20 and the gravitini 20′ + 2¯0. We also have two-forms
living in the 15 of the little group, and this is the lowesst dimension where the three-forms appear on-
shell33, with irrep 10 + 1¯0. Again, there is a unique SYM theory, with R-symmetry u(1), which squares
to the maximal N = 2 supergravity, as shown in Table 26.
A.3.6 D=9
In 9 dimensions, the little group algebra is so(7). The vector transforms as a 7, while the spinors are
living in the 8 of so(7). The graviton has 27 degrees of freedom on-shell, and the graviton has 48. We
also have two-forms, which are 21 irreps and three-forms, which are 35 irreps. Again, we only have one
SYM multiplet, which squares to the maximal supergravity theory, as shown in Table 27
33I.e. they can’t be dualised to a lower form.
106
D = 8, so(6)ST
N = 1 u(1)
Aµ (6; 0) λ (4;−1) + (4; 1) φ (1; 2) + (1;−2)
N = 1 u(1)
Aµ (6; 0)
λ (4;−1) + (4; 1)
φ (1; 2) + (1;−2)
N = 2 u(2)
gµν (20; 1(0))
ψµ (20
′; 2(−1)) + (20′; 2(1))
Aµ (6; 3(2) + 3(−2))
Aµν (15; 3(0))
Aµνρ (10; 1(−2)) + (10; 1(2))
λ (4; 2(−3) + 4(1)) + (4; 2(−3) + 4(1))
φ (1; 1(4) + 1(−4) + 5(0))
Table 26: Tensoring table in D=8. In (m; n) m denotes the spacetime little group representation and n
the representation of the internal global symmetry displayed, int for the super Yang-Mills multiplets and
h for the resulting supergravity + matter multiplets.
A.3.7 D=10
The little group algebra in 10 dimensions is so(8). As in 6 dimensions, we have chiral theories, so we have
two possibilities for SYM, either N = (1, 0) or N = (0, 1). Taking the tensor product both ways, we end
up with the well-known type IIB and type IIA supergravity theories, as shown in Table 28.
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D = 9, so(7)ST N = 1 ∅ Aµ 7 λ 8 φ 1
N = 1 ∅
Aµ 7
λ 8
φ 1
N = 2 so(2)
gµν (27; 0)
ψµ (48; (1) + (−1))
Aµ (7; (2) + (0) + (−2))
Aµν (21; (2) + (−2))
Aµνρ (35; 0)
λ (8; (3) + (1) + (−1) + (−3))
φ (1; (4) + (0) + (−4))
Table 27: Tensoring table in D=9. In (m; n) m denotes the spacetime little group representation and n
the representation of the internal global symmetry displayed, int for the super Yang-Mills multiplets and
h for the resulting supergravity + matter multiplets.
D = 10, so(8)ST N = (1, 0) ∅ Aµ 8v λ 8s N = (0, 1) ∅ Aµ 8v λ 8c
N = (1, 0) ∅
Aµ 8v
λ 8s
N = (2, 0) so(2)
gµν 35v(?)
ψµ 56s(?) + 56s(?)
Aµν , Aµνρσ 28v(?) + 28v(?) + 35c(?)
λ 8s(?) + 8s(?)
φ 1(?) + 1(?)
N = (1, 1) ∅
gµν 35v
ψµ 56s + 56c
Aµ, Aµν , Aµνρ 8v + 28v + 56v
λ 8s + 8c
φ 1
Table 28: Tensoring table in D=10. In (m; n) m denotes the spacetime little group representation and n
the representation of the internal global symmetry displayed, int for the super Yang-Mills multiplets and
h for the resulting supergravity + matter multiplets.
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A.4 Commutators for squaring algebra
We will provide checks for the commutators postulated in (3.42a)-(3.42i). An interesting example for
performing the checks in the e7 algebra of maximal supergravity in 4 dimensions, because it has the
richest structure. The fields are representations of the maximally compact subalgebra su(8), so we have
the decomposition:
e7 → su(8)
133→ 63 + 70
(A.36)
The 63 is the adjoint of su(8), so its generators can be represented as anti-hermitian matrices h BA , with
h AA = 0. Here A,B, ... are su(8) indices, with A,B = 1, ..., 8. Elements of 70 are self-dual 4-forms XABCD
satisfying:
(XABCD)∗ =
1
4!
ABCDEFGHXEFGH (A.37)
The semi-simplicity of the U-duality algebra implies that, for h ∈ 63 and X ∈ 70, we have:
[h, h] ∈ 63 (A.38)
[h,X] ∈ 70 (A.39)
[X,X] ∈ 63 (A.40)
We will further break these into representations of the left and right R-symmetry algebras:
su(8)→ su(4)⊕ su(4)
63→ (15,1)⊕ (1,15) + (4, 4¯) + (4¯,4) + (1,1)
h BA → h βα ⊕ h ba + h aα + h αa + h αα
(A.41)
where h αα = −h aa . Here α, β are the left su(4) indices, with α, β = 1, ..., 4, and a, b are the right su(4)
indices, with a, b = 1, ..., 4. In the matrix notation of subsection 3.4, we have:
XL ⊕XR → h βα ⊕ h ba (A.42)
M → h aα (A.43)
−M † → h αa (A.44)
Note that the trace term h αα = −h aa can be absorbed into one of the adjoint terms XL or XR, with the
consequence su(4) → u(4) and this will not affect the commutation relations with the other terms. For
simplicity, we will assume that this has been done. The commutation relations between the terms above
have been derived in subsection 3.2 and they simply follow from the matrix commutators of:
X =
(
XL 0
0 XR
)
+
(
0 M
−M † 0
)
, (A.45)
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The non-compact term also decomposes under the R-symmetry34 su(4)L ⊕ su(4)R:
su(8)→ su(4)⊕ su(4)
70→ (4, 4¯) + (4¯,4) + (6,6) + (1,1) + (1,1)
XABCD → Xαabc +Xαβγa +Xαβab +Xαβγσ +Xabcd
(A.46)
These can be cast in the matrix notation of subsection 3.4 via:
P → Xαabc (A.47)
−P † → Xαβγa (A.48)
m⊗ p→ Xαβab (A.49)
γ, δ → Xαβγσ, Xabcd (A.50)
Note that the self-duality condition (A.37) imposes a relation between (4, 4¯) and (4¯,4) in component
language:
(Xαµνa)∗ =
1
4!
αµνρabcdXρbcd (A.51)
so we can work with either of them. Then we can check our commutators; starting with (3.42a):
[XL ⊕XR, P ] = (XLP − PXR) (A.52)
because of semi-simplicity, we know that the commutator will be in the 70 representation, so
[XL ⊕XR, P ]ABCD = h E[A XEBCD] (A.53)
then it is easy to see, using (A.42) and (A.47) that:
[XL, P ]αabc → h βα Xβabc
→ XLP
(A.54)
and, using (A.48)
[XR, P ]αβγa → h ba Xαβγb
= −XRP †
(A.55)
but we want [XR, P ]αabc so, using (A.48) again:
[XR, P ]αabc → −(−XRP †)†
→ PX†R
→ −PXR
(A.56)
34All these representation will of course be charged under a u(1) subalgebra; we have omitted these charges for simplicity.
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where we have used the anti-hermiticity of XR. The next commutator, (3.42b):
[XL ⊕XR,m⊗ p] = (XLm−mX∗L)⊗ p+m⊗ (XRp− pX∗R) (A.57)
is also part of the decomposition of the 70 irrep, so:
[XL ⊕XR,m⊗ p]ABCD = h E[A XEBCD] (A.58)
Let’s look at XL first. We have, using (A.42) and (A.49):
[XL,m⊗ p]αµab → h β[αXβµ]ab (A.59)
but
Xαβab = mαβpab (A.60)
so
[XL,m⊗ p]αµab → (h βα mβµ − h βµ mβα)pab
→ (XLm− (XLm)T )⊗ p
→ (XLm−mTXTL )⊗ p
(A.61)
Then using:
mT = −m
XTL = −X∗L
(A.62)
we finally get the correct expression for the commutator:
[XL,m⊗ p] = (XLm−mX∗L)⊗ p (A.63)
and the calculation proceeds similarly for XR.
To check (3.42c):
[M,γ] = γM (A.64)
we again use semi-simplicity to see that the commutator will belong to the 70 of su(8), and so:
[M,γ]ABCD = h
E
[A XEBCD] (A.65)
Then, using (A.43) and (A.50), we see that:
[M,γ]αacd → h bαXbacd
→ bacdXh bα
→ (Xh)αacd
→ γM
(A.66)
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Next we look at (3.42d):
[M,P ] =
(
M ∧ P |∗, − tr(MP †)
)
(A.67)
As with previous commutators, this will also belong to the non-compact part of the algebra, so:
[M,P ]ABCD = h
E
[A XEBCD] (A.68)
Then, using (A.43) and (A.47), we see that we now have two possibilities:
[M,P ]αβab → h e[αXβ]abe
→ h e[αX dβ] abed
→M ∧ P |∗
(A.69)
and
[M,P ]αβγσ → h e[αXβγσ]e
→ h e[αX µe βγσ]µ
→ (hx)αβγσ
→ −Tr(MP †)
(A.70)
The next commutator, (3.42e):
[M,m⊗ p] = −2p∗M †m (A.71)
which again involves one generator from the compact part of the algebra and one from the non-compact
part, so it will belong to the non-compact part:
[M,m⊗ p]ABCD = h E[A XEBCD] (A.72)
Using (A.43) and (A.49), we now have:
[M,m⊗ p]αβγd → h e[αXβγ]de
→ h e[αmβγ]pde
→ δα′β′γ′αβγ h eα′mβ′γ′pde
→ λα′β′γ′λαβγh eα′mβ′γ′pde
→ 2h eα′(?m)λα
′
pdeλαβγ
→ 2(?m)λα′h eα′pedαβγλ
(A.73)
where
(?m)αβ =
1
2
αβγδmγδ (A.74)
and then using the su(4) complex self-duality relation:
(?m)αβ = (mαβ)∗ (A.75)
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we finally get:
[M,m⊗ p]αβγd →
(
2(mλα
′
)∗h eα′ped
)
αβγλ
→ 2m∗Mp
(A.76)
But we want [M,m⊗ p]αabc so, using (A.48) we get:
[M,m⊗ p]αabc → −(2m∗Mp)†
→ −2p†M †mT
→ −2p∗M †m
(A.77)
The next commutator to check is (3.42f):
[P, γ] = γP (A.78)
The novelty now is that both terms come from the non-compact part of the algebra, so the commutator
will belong to the compact part:
[P, γ] EA = XABCD(Y
∗)EBCD − (X ↔ Y ) (A.79)
Using (A.47) and (A.50) the commutator simply becomes:
[P, γ] dα → Xαabc(Y ∗)abcd
→ (XY ∗) dα
→ γ∗P
(A.80)
The next commutator we will look at is (3.42g):
[P,Q] = (−PQ† +QP †)⊕ (Q†P − P †Q) (A.81)
Again we are commuting generators from the (decomposition of the) 70 of su(8), so the commutators will
be in the (decomposition of the) 63 irrep:
[P,Q] EA = XABCD(Y
∗)EBCD − (X ↔ Y ) (A.82)
Using (A.47), we find:
[P,Q] βα → Xαabc(Y ∗)βabc − (X ↔ Y )
→ Xαabcabcd(Y ∗)βd − (X ↔ Y )
→ −Xαabcdabc(Y ∗)βd − (X ↔ Y )
→ −X dα (Y ∗)βd − (X ↔ Y )
→ −PQ† +QP †
(A.83)
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whereas:
[P,Q] ba → Xαβγa(Y ∗)αβγb − (X ↔ Y )
→ Xαβγaαβγρ(Y ∗)bρ − (X ↔ Y )
→ Xαβγaραβγ(Y ∗)bρ − (X ↔ Y )
→ −X ρa (Y ∗)bρ − (X ↔ Y )
→ −P †(Q†)† − (P ↔ Q)
→ −P †Q+Q†P
(A.84)
The commutator (3.42h):
[P,m⊗ p] = 2mP †p∗ (A.85)
Since both terms come from the non-compact part of the algebra the result will be in the compact part:
[P,m⊗ p] EA = XABCD(Y ∗)EBCD − (X ↔ Y ) (A.86)
Using (A.47), (A.48) and (A.49):
[P,m⊗ p] aα → Xαβγd(Y ∗)βγda
→ Xαβγd(m∗)βγ(p∗)da
→ αβγσXσd(M∗)βγ(p∗)da
→ 2mασXσd(p∗)da
→ 2mP †p∗
(A.87)
The final commutator (3.42i):
[m⊗ p, n⊗ q] = (mn† − nm†) tr(pq†)⊕ (pq† − qp†) tr(mn†) (A.88)
involves the scalar-scalar terms with themselves, so again will belong to the compact part:
[m⊗ p, n⊗ q] EA = XABCD(Y ∗)EBCD − (X ↔ Y ) (A.89)
Then using (A.49) we get
[m⊗ p, n⊗ q] βα → Xαγcd(Y ∗)βγcd − (X ↔ Y )
→ mαγpcd(n∗)βγ(p∗)cd − (X ↔ Y )
→ (mn†) Tr(pq†)− (nm†) Tr(qp†)
(A.90)
but
Tr(qp†) = qcd(p∗)cd =
1
2
pab
abcdqcd = pab(q
∗)ab = Tr(pq†) (A.91)
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so that
[m⊗ p, n⊗ q] βα = (mn† − nm†) tr(pq†) (A.92)
and similarly for [m⊗ p, n⊗ q] ba .
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